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PREFACE. 


I  FIRST  took  interest  in  algebra  wKen  I  found  that 
problems  in  Single  and  Double  Position  could  be 
solved  much  more  readily  by  algebra  than  by  tlie 
rather  absurd  rules  given  for  such  problems  in  books 
on  arithmetic.  In  like  manner,  I  could  find  no 
interest  in  the  Differential  Calculus  till,  after  wading 
through  two  hundred  pages  of  matter  having  no 
apparent  use  (and  for  the  most  part  really  useless), 
I  found  the  calculus  available  for  the  ready  solution 
of  problems  in  Maxima  and  Minima.  This  little 
work  has  been  planned  with  direct  reference  to  my 
own  experience  at  school  and  college.  The  usual 
method  of  teaching  the  Differential  and  Integral 
Calculus  seems  to  me  almost  as  absurd  (quite  as 
absurd  it  could  scarcely  be)  as  the  plan  by  which  chil- 
dren, instead  of  being  taught  how  to  speak — whether 
their  own  language  or  another — are  made  to  learn 
by  rote  rules  relating  to  the  philosophy  of  language 
such  as  not  one  grammarian  in  ten  thousand  ever 
thinks  about  in  after  life. 


VI  PIIEFACE. 

I  have  striven  in  this  little  work  (reprinted  here 
from  the  pages  of  K^'OWLEDGe)  to  show  at  once 
how  and  why  we  want  a  method  of  calculation 
dealing  with  quantities  which  vary  in  value  under 
various  conditions,  and  how  such  a  method  of  calcu- 
lation is  to  be  used  in  practice. 

The  Integral  Calculus  I  have  treated  as  simply  a 
department  of  the  Differential  Calculus,  dealing  with 
it  in  the  same  practical  manner. 

It  may  interest  learners  to  know  that,  chancing 
when  at  Cambridge  to  be  my  own  master,  with 
freedom  to  choose  what  I  would  learn,  I  took  up  for 
my  degree  rather  less  of  the  Differential  Calculus 
than  is  presented  for  beginners  here.  What  I 
have  had  occasion  to  study  since  respecting  the 
Differential  Calculus,  the  Calculus  of  Variations 
and  higher  matter,  I  have  dealt  with  as  occasion 
required — the  only  really  effective  way  of  studying 
mathematics. 

PvICHARD  A.  PROCTOR. 

St.  Joseph   Mo.: 

May  l5b7. 
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Errata. 

Page  3,  line  8,  for  be  described  as  the  rate  with  which  the 
space  it  has  read  be  described  as  the  rate  at  which 
the  space  it  has 

„     „  lines  21,  22,  far  fallen  in  t  seconds  —\yt-  read  fallen  in 
t  seconds  =  \gt'- 

„   15,  line  7,  for  In  other  words,  from  our    knowledge    that 

•?-  is  read  In  other  words,  from  our  knowledge 

that  ^~  is 

2        • 

4  5  ^45 

„    56,    „    5,  for    < ^- — —  read  which  last-mentioned  ex- 

2x{x  —  li) 


pression 


2x{x  —  h) 


90,    „    11, /yr  \/2ax-x-  =  x  y^l—z- \  read 


\/ 2ax  —  a'-  =  xs/  I 


■•L- 


dx 

I  x  \/  2ax  —  X- 
dx 


„     „      „    12,  for  .\  { -^ =  &c.  read 


«s/  2ax  -  a'^ 


&c. 


„    95,    „    1,  for  the  triangle  QOP  =  OP.OQ    sin   QOP  read 
the  triangle  QOP  =  ^OP  .  OQ  sin  QOP. 

„     „      „    10,  for  Sector  AO'B  =  ^r r-de  =  ''-^{''dd  read 

ra  «.2  ra 

Sector  AOB  =  A     r^de=-\  dd. 
Jo  ^  Jo 


Errata — continued. 

Page  9G,  line  4,  for  product  of  the  radius  and  the  circumfe- 
rence. But  r^rtfZ  product  of  one-half  the  radius 
and  the  circumference. 

„  103,    „    21,  for  Then   CA  =  «  and   CG  =s/Ya=    &c.    read 

Then  CA  =  »  and  CG  =  -^  =  &c. 


105,    „    12,  >?•  CN  =  N/i'  =  ^  read  CN  =  N?i'  =  — 
\/2  ^2 

a  a 


CN'  +  N'K    .r,+  N/yf-a^ 


,,109,  „  5, /<;r  Whence,  differentiating  2xr  +  a?- with  respect 
to  2,  read  Whence,  differentiating  2xz  —  z^  with 
respect  to  z. 

,,110,    „      7,  for  js/i'^-^V/ar  =  ?^^'^'-  &c.  read 


in  line  16,/(?r  Fig.  22.  rm^  Fig.  23. 


Proctor's  Calculus. 


EASY  LESSONS 

IN    THE 

DIFFERENTIAL    CALCULUS. 

LESSON  I. 

PURPOSE   OF   THE   DIFFERENTIAL   CALCULUS. 

The  Differential  Calculus  is  the  science  which  deals 
with  the  rate  at  which  variable  quantities  increase  or 
diminish.  When  we  say  that  a  quantity  is  variable, 
we  imply  that  it  varies  as  some  other  quantity 
changes.  For  example,  the  velocity  of  a  train  is 
variable.  It  varies  with  the  time  which  has  elapsed 
since  the  train  started — it  varies  with  the  distance 
traversed- — with  the  steam  power  employed — with  the 
state  of  the  rails — and  so  on.  But  the  differential 
calculus  deals  only  with  those  quantities  which  vary 
according  to  some  definite  law. 

For  example,  when  a  body  is  let  fall  from  rest 
the  distance  it  traverses  varies,  according  to  a  known 
law,  with  the  time  elapsed  since  the  fall  began.  The 
differential  calculus  is  able  to  deal  with  such  a  case 
as  this.     Again,  the  sine  of  an  ^ngle  varies  according 
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to  a  known  law  as  the  angle  changes ;  and  tlie 
diflferential  calculus  is  therefore  able  to  deal  with  this 
case  also. 

Now  w^e  can  at  once  see  the  importance  of  a 
calculus  which  will  deal  with  variable  quantities. 
Algebra  and  geometry  and  trigonometry  deal  with 
absolute  quantities.  But  it  is  often  very  necessary 
to  learn  something  about  the  variations  of  quantities, 
to  know  when  a  variable  quantity  attains  its  greatest 
value,  when  it  is  increasing,  when  diminishing,  when 
it  changes  fastest,  and  so  on.  Whenever  variations 
take  place  according  to  a  known  law,  this  is  pre- 
cisely what  the  differential  calculus  will  do  for  us. 
And  its  great  advantage  is  that  it  will  solve  our 
problems  systematically.  An  ingenious  application 
of  algebra  or  geometry  or  trigonometry  will  often 
enable  us  to  solve  problems  which  belong  especially 
to  the  differential  calculus ;  but  we  require  in- 
genuity for  the  purpose,  whereas  the  differential 
calculus  solves  such  problems  with  certainty,  even  if 
we  have  not  a  particle  of  ingenuity,  so  long  only  as 
we  follow  the  proper  rules.  Even  where  it  fails,  it 
teaches  us  that  we  are  trying  to  solve  an  insoluble 
problem. 

The  first  matter  the  calculus  attends  to  is  the 
choice  of  a  convenient  expression  for  the  rate  at  which 
a  variable  quantity  changes.  This  expression  is 
called  a  differential  coeffcient.  I  prefer  to  illustrat(^ 
rather  than  to  define  it.  I  wish  also  to  illustrate  it 
in  such  a  way  as  to  remove  at  the  outset  the  chief 
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stumbling  block  of  the  student  of  this  special  depart- 
ment of  mathematics.  I  take,  therefore,  a  familiar 
case  of  a  varj- ing  quantity  : — 

When  a  body  is  let  fall  from  rest,  we  know  that 
■  as  it  falls  its  velocity  continually  increases.  Now 
this  varying  velocity  affords  a  very  good  illustration  of 
a  differential  coefficient.  The  velocity  of  a  body  may 
be  described  as  the  rate  "w«h  which  the  space  it  has 
traversed  is  increasing  as  the  time  elapsed  increases. 
When  we  change  the  time,  we  change  the  space 
traversed.  But  unless  the  velocity  is  uniform,  the 
change  of  space  is  not  proportional  to  the  change  of 
time.  In  the  case  of  a  falling  body,  the  velocity  is 
not  uniform  ;  so  that,  if  we  consider  one  instant,  the 
rate  at  which  the  space  traversed  would  change  for 
any  given  interval  of  time  would  be  different  from 
the  corresponding  rate  at  some  other  instant.  Ee- 
garding  the  matter  as  illustrating  the  differential 
calculus,  the  first  thing  to  be  found  is  a  general 
expression  for  the  rate  of  change — the  law  determin- 
ing the  space  traversed  being  supposed  known. 

Consider  now  the  following  way  of  dealing  with 
the  problem : — 

At  the  end  of  t  seconds  the  body  has  fallen  a 
space  represented  by  ^gt^,  where  g  represents  the 
accelerating  force  of  gravity  (or  numerically,  a  foot 
being  taken  as  the  unit  of  length,  and  a  second  as 
the  unit  of  time,  g  —  S2-2).  A  second  later  the 
body  has  fallen  altogether  a  space  represented  by 

B  2 
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SO  that  in  the  course  of  that  second  the  space  actually 
traversed  by  the  body  is 

=  ot  +  l 

And  if  during  that  second  the  body  moved  with 
uniform  velocity,  we  should  at  once  know  what  that 
velocity  is.  For,  when  a  body  moves  uniformly  over 
s  units  of  length  in  t  units  of  time,  it  moves  over 

J  units  of  length  in  one  unit  of  time,  and  -  therefore 
t  t 

represents  its  velocity.     So  that  the  velocity  of  our 

falling  body  would  be 


(^^-D- 


if  the  body  had  moved  uniformly  during  the  second. 
But  this  is  not  the  case.  The  body  moves  faster  and 
faster  as  the  second  of  time  is  passing;  and  its 
velocity  at  time  t  is  therefore  not  obtained  by  the 
above  process.  We  should  clearly  get  a  better  result 
if  we  took  a  shorter  interval  of  time.  Suppose  we 
take  a  very  short  interval  indeed,  as  a  thousandth 
part  of  a  second.  Then  we  have,  as  before,  the  space 
fallen  in  t  seconds 

the  space  traversed  one  thousandth  of  a  second  later 
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and  the  space  traversed  in  the  interval 
_  _c)t         g 

~  Togo     2(rooo)=^' 

So  that  on  the  false  supposition  of  uniform  velocity 
during  this  minute  interval,  we  get  for  this  velocity, 

\  9t  ^      g     1^1 

LlOOO      2(1000)2j   •   1000' 
or 

■^*  +  2000- 

This  is  clearly  nearer  the  truth,  because  in  so 
short  an  interval  as  a  thousandth  part  of  a  second 
the  change  of  velocity  is  exceedingly  minute.  But 
still  we  have  not  the  exact  velocity. 

If  we  had  taken  a  yet  smaller  interval,  as  the 
millionth  part  of  a  second,  we  should  have  deduced 
for  the  velocity 

nt  4-  ^ 

^    ^  2(1000000)' 

which  is  yet  nearer  the  truth. 

And  the  minuter  the  interval,  the  minuter  the 
second  fraction  becomes,  the  first  remaining  un- 
altered. Also,  the  minuter  the  interval,  the  nearer  we 
get  to  the  true  value. 

But  there  is  nothing  to  prevent  us  from  conceiv- 
ing that  the  interval  is  taken  infinitely  minute,  in 
which  case  the  second  fraction  disappears,  and  also 
we  get  infinitely  near  to  the  true  value.  This  value 
then  is  gt,  and  as  a  matter  of  fact  we  know  inde- 
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pendently  that  tliis   is   the  velocity  acquired  by  a 
falling  body  in  the  time  t. 

Now  the  reader  will  not  need  to  be  told  that  I 
have  not  gone  through  these  processes  merely  for 
the  sake  of  deducing  this  special  result.  I  want  him 
to  convince  himself  of  the  reasonableness  of  the  above 
method,  and  also  I  wish  him  to  note  that  though  the 
reasoning  has  introduced  the  conception  of  mfiniteUf 
minute  quanUties^  and  though  the  result  itself  is  a 
limiting  value,  yet  that  result  is  none  the  less  exact. 
The  velocity  a  body  has  at  the  end  of  any  specified 
time  is  real,  and  not  a  mere  mathematical  fiction  or 
approximation. 

Prepared  then  to  see  that  a  real  and  exact  value 
can  be  deduced  by  a  seemingly  approximate  method, 
let  him  consider  the  following  way  of  treating  the 
same  problem : — 

Let  s  represent  the  space  traversed  in  time  t 
s  +  As  the  space  traversed  in  time  t  +  M  (where 
As  and  A^  are  to  be  looked  upon  as  simple  quantities, 
which  may  be  read,  if  we  please,  increment  of  the 
space  and  increment  of  the  time;  or  else,  for  con- 
venience, simply  delta-space  and  deUa-time). 
Then 

s=-W (i.) 

6-  +  As  =  \ri{t  +  AO'     .     .     .     (ii.) 

and  therefore,  subtracting  (i.)  from  (ii.), 
As  =  i7^A^  +  -^(A0^ 
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SO  that  if  the  velocity  of  the  body  during  the  interva> 
A^  were  uniform,  this  velocity,  or  -— ,  would 

This  result,  however,  will  not  be  true,  unless  A^ 
is  infinitely  minute.  Let  A^  be  supposed  to  be  made 
infinitely  minute,  in  which  condition  call  it  dt ;  then 
As  also  becomes  infinitely  minute,  and  (to  indicate 
this  condition)  may  be  called  ds ;  and  we  get 

=  gtj  since  dt  is  infinitely  minute  or  nought. 

ds 

Now  this  quantity  —,  for  which  we  have  thus  ob- 
tained a  definite  value  (although  ds  and  dt  are  each 
evanescent),  is  called  the  differential  coefficient  of  s 
(the  space  traversed)  with  respect  to  t  (the  time).  It 
is  really  the  rate  at  which  the  space  is  increasing  at 
the  time  t. 

But  the  reader  will  presently  have  to  consider 
differential  coefficients  in  a  general  way.  The  above 
illustration  has  shown  him  how  a  differential  co- 
efficient is  deduced  in  a  special  case ;  and  also  that 
a  difierential  coefficient,  though  made  up  of  seemingly 
evanescent  parts,  may  have  an  exact  value,  and  (what 
is  yet  more  to  the  purpose)  has  always  a  real  signifi- 

ds 
cance.     The  —    of  our  illustration  is  that  real  and 
dt 
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familiar  relation,  the  velocity  of  a  falling  body.  And 
i<o  the  differential  coefficients  we  have  to  deal  with 
as  we  proceed,  are  real  matters,  not  mathematical 
fictions. 

But  the  above  case  will  serve  as  well  to  illustrate 
the  meaning  of  what  is  called  integration  as  the 
meaning  of  differentiation — the  name  given  to  the 
process  actually  followed  above.  This  I  proceed  to 
show  in  Lesson  II. 


DIFFERENTIAL  CALCULUS. 


LESSOR  II. 
PURPOSE   OF   THE  INTEGRAL   CALCULUS. 

Illustrating  a  differential  coefficient  by  tlie  case  of  a 
body  falling  under  the  action  of  the  constant  force  of 
terrestrial  gravity,  g,  we  supposed  the  space  (s)  fallen 
through  by  a  body  in  a  given  time  (t)  to  be  known 
— since  for  the  purpose  of  our  illustration  it  was  not 
necessary  to  show  how  s  is  determined.  But  it  so 
happens  that,  in  taking  this  instance  to  illustrate 
the  integral  calculus,  we  have  to  consider  how  s  is 
determined,  from  what,  in  reality,  is  all  that  is  known 
in  this  case.  We  know  that  the  force  g  being  con- 
stant, the  velocity  generated  in  any  time  is  propor- 
tional to  the  time,  so  that,  if  v  be  this  velocity,  we 
may  write  v  =  gt,  suitable  units  of  time  and  length 
being  taken.  (Usually  the  unit  of  time  is  a  second, 
that  of  length  a  foot;  in  which  case^  gr  =  32*2  and 
V  =  32-2t) 

Now,  knowing  that  v  =  gt,  we  may  try  the  same 
expedient  to  determine  the  space  traversed  at  the  end 
of  any  time  t  from  rest,  as  we  employed  in  the 
inverse  problem.  We  may  divide  up  the  time  into  a 
number  of  small  parts,  and  suppose  the  velocity 
uniform  during  each  short  interval  of  time.  Let  us 
see  what  comes  of  this  experiment.     Take  t  =  nr, 
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where  r  is  very  small  and  therefore  n  very  large. 
Then,  at  the  beginning  of  the  7'th  interval,  the 
velocity  is  (r  —  l)gT,  and  at  the  end  of  this  interval 
the  velocity  is  rgr.  Thus  the  space  traversed  in  the 
interval  lies  between  (r  —  l)f/T^  and  rgr"^.  Doing 
tliis  for  all  the  intervals,  and  adding,  we  find  that 
the  total  space  traversed  in  time  nr  or  t  lies  be- 
tween 

[0  +  14  2  +  3+  ...+(/•_!)+  ..  .+(77,-l)]^T^ 
and 

[1  +  2  +  3+ +r  +  .  .  .  +7%t2 

that  is,  summing  these  arithmetical  series,  between 

'<»-!)     .and '^^"+^)gT^ 
or  (writing  for  t  its  equivalent  t  -r-  n)  between 

i.e.    .^-f  andl^+f. 
2        2n,  2        2n 

The  larger  n  is,  the  smaller  is  the  second  term  of 
each  expression.  But  we  may  have  n  as  large  as  we 
please,  and  so  bring  these  two  expressions  as  near  to 
each  other  in  value  as  we  please.  This  means,  of 
course,  that  the  true  value  of  each,  when  n  is  in- 
finite, is 

2' 
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This,  then,  is  the  space  traversed  in  time  t  by  a 
falling  body  starting  from  rest,  under  the  action  of 
terrestrial  gravity.  That  is,  we  have  established  the 
relation 

'-   2' 

using  for  the  purpose  what  may  be  regarded  as  an 
algebraical  artifice — in  reality,  disguised  integra- 
tion. 

Before  showing  how  this  process  illustrates 
integration,  let  us  examine  Newton's  geometrical 
way  of  dealing  with  a  problem  such  as  the  above. 
Note  hoyj  cumbersome  both  iwocesses  are. 

Let  the  time  t  be  represented  by  the  straight  line 
AB,  Fig.  1,  and  the  velocity  acquired  at  the  end  of  time 
t  (from  rest),  by  the  straight  line  BC  at  right  angles 
to  AB.  Now  suppose  AB  divided  into  a  number  of 
small  equal  parts,  say  into  n  parts,  each  equal  to 
MN;  and  from  all  such  points  as  M,  N,  set  up 
straight  lines  MP,  NQ  at  right  angles  to  AB,  and 
each  taken  to  represent  the  velocity  at  the  end  of  the 
times  represented  by  AM,  AN,  &c.,  respectively. 
Since  the  velocity  is  proportional  to  the  time,  it  is 
obvious  that  all  such  points  as  P  and  Q  will  lie  on 
the  straight  Hue  AC  (for,  otherwise,  we  should  not 
have  PM  :  QN  :  BO,  &c.  ::  AM  :  AN  :  AB).  Now, 
if  we  suppose  the  falling  body  to  move  during  any 
small  portion  of  time  represented  by  MN,  with  the 
velocity  at  the  beginning  of  that  time,  represented 
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by  PM,  the  space  traversed  by  the  body  in  that 
interval  would  be  represented  by  the  rectangle  PN ; 
whereas,  if  the  falling  body  moves  during  this  in- 
terval with  the  velocity  represented  by  QN,  acquired 
at  the  end  of  it.  the  space  traversed  will  be  re- 
presented by  the  rectangle  mN.     The   area,   then, 
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representing  the  space  actually  traversed,  lies  some- 
where between  the  two  rectangles  PN  and  mN. 
Thus,  the  total  space  described  in  time  i  is  repre- 
sented by  an  area  less  than  the  area  between  AB, 
BC,  and  the  outer  zigzag  Aadhecf  &c.,  and  greater 
than  the  area  between  AB,  BC,  and  the  inner  zigzag 
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a'dh'ec'f^  &c.  These  areas  differ  from  each  other  by 
the  sum  of  the  small  parallelograms  aa\  hi/,  cc',  &c. 
Now  although,  when  n  is  made  very  great,  and 
therefore  each  rectangle  like  mn  very  small,  the 
number  of  such  small  rectangles  is  very  great,  this 
by  no  means  prevents  their  sum  becoming  very 
small.  For  sliding  the  rectangle  mn  along,  parallel 
to  the  base  AB,  to  the  position  2'>q,  and  doing  the  like 
for  all  the  small  rectangles,  we  have  them  finally 
covering  the  rectangle  Ck ;  and  the  area  of  this 
rectangle  becomes  as  small  as  we  please,  when  (n 
being  taken  as  large  as  we  please)  A;B  becomes 
as  small  as  we  please.  Therefore  the  area  of  the 
triangle  ABC,  which  lies  between  the  two  just 
named,  may  be  made  to  differ  from  either  by  an  area 
less  than  any  that  can  be  assigned ;  and  this  is  the 
same  as  saying  that  this  area  correctly  represents  the 
space  fallen  through  from  rest  under  the  action  of 
gravity.     Now  AB  =  t,  and  BC  =  gt.     Hence 

area  ABO  =  ^  ;     and  s  =  ^. 

[The  reader  must  not  fall  into  the  mistake  of 
supposing  that  we  are  here  equating  a  distance  to  a 
triangle.  AB  represents  a  period  of  time,  and  BC  a 
velocity — in  this  way  only,  that  the  number  of  units 
of  length  in  AB  are  supposed  to  correspond  to  the 
number  of  units  of  time  in  t,  &c.  Just  as  we  get 
the  right  number  for  the  square  feet  in  a  rectangle  by 
multiplying  the  numbers  representing  the  lengths  of 


14.  EASY   LESSONS   IN   THE 

the  sides,  though  feet  cannot  be  multiplied  by  feet  to 
give  square  feet,  so  here  we  get  a  correct  numerical 
result,  by  using  the  lengths  of  lines  to  represent 
numbers.] 

Now,  in  each  of  the  above  processes,  we  have 
employed  an  artifice,  algebraical  in  one  case,  geo- 
metrical in  another,  to  obtain  a  result  such  as  the 
integral  calculus  obtains  in  a  systematic  manner. 

We  know  in  this  case  that  the  velocity  at  the 
end  of  any  time  t  is  gt,  or,  in  other  words,  that  the 
rate  at  which  the  space  traversed  is  increasing,  aftcn* 
time  t  has  elapsed  from  rest,  is  gt.  And  we  show^ed 
in   Lesson    I.     that    the    differential   coefficient   of 

^—-  with  respect  to  t  is  gt,  explaining  this  to  mean 

that  the  rate  of  increase  of  the  expression  '-^  witli 

the  variation  of  t  is  represented  by  gt. 

Supposing,  then,  that,  in  dealing  with  the  fall  of 
a  body  under  gravity,  we  know  the  velocity  at  time 
i  from  rest — or  the  rate  of  increase  of  s,  the  space 
traversed  at  this  time — to  be  gi^  and  also  know  that 

gt  is  the  differential  coefficient  of  -'     with  respect  to 

t — we  can  at  once  write 

«  =  •-(-+  some  constant. 

(It  has  not,  indeed,  been  yet  shown  that  two  quan- 
tities can  only  have  the  same  differential  coefficient 
when  they  are  either  equal  or  differ  by  a  constant 
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quantity ;  but  for  the  present  this  is  assumed,  as  we 
are  now  only  illustrating  the  nature  and  use  of 
differential  coefficients,  &c.)  And  since  when  ^  =  0, 
6'  =  0,  the  constant  must  be  zero.  So  that  we  have, 
simply, 

In  other  words,  from  our  knowledge  that  -^  is 

the  quantity  having  gt  for  its  differential  coefficient 
with  respect  to  t,  we  are  at  once  able  to  say  that  a 
foiling  body  whose  velocity  at  time  t  is  gt,  will  in 

time  t  from  rest  traverse  the  space  '—-.      The  nota- 

tion  employed  for  stating  this  is  as  follows: — Note  that 
what  we  have  to  determine  is  the  sum  of  the  spaces 
described  in  the  infinitely  small  intervals  of  time  into 
which  the  whole  time  t  is  supposed  divided  ;  in  other 
words,  the  sum  of  a  number  of  small  spaces,  each 
represented  by  gt./^t  where  Mis  the  increment  of  the 
time.  This  sum,  which  we  should  represent  by 
Igt.At,  were  the  number  of  spaces  not  infinite,  is  in 

the  integral  calculus  represented  by   \gt.dt  when  the 

number  is  infinitely  great  and  At  infinitely  small, 
and  we  write 

\gt.dt  =  ^--  +  a  constant. 
How  we   find  the  sum  corresponding  to  particular 
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limiting  values  of  the  variable  will  be  shown  further 
on. 

Of  course,  we  have  here  selected  a  case  where  we 
knew  beforehand  that  quantity  of  which  the  simple 
expression  we  were  dealing  with  is  the  differential 
coefficient.  In  other  cases,  we  might  have  more  or 
less  trouble  to  determine  this ;  but  a  great  number  of 
differential  coefficients  are  known,  and  in  every  such 
case  we  can  at  once  write  down  the  expressions  of 
which  they  are  the  differential  coefficients — or,  in  other 
words,  we  can  at  once,  solve  our  problem.  For  other 
cases  there  are  methods  by  which  either  an  exact  or 
approximate  solution  can  be  readily  worked  out. 

To  sum  up  the  elementary  points  thus  far  illus- 
trated : — 

I.  When  there  is  a  quantity  whose  value  depends 
on  some  variable,  the  differential  coefficient  of  the 
quantity  with  respect  to  that  variable  represents  the 
rate  at  which  the  quantity  varies  as  the  variable 
changes  in  value. 

II.  When  we  know  the  rate  at  which  a  quantity  de- 
fending  on  some  variable  changes  with  change  of  the 
variable — in  other  words,  when  loe  know  the  differen- 
tial coefficient  of  the  quantity  with  respect  to  that 
variable — we  can  determine  the  quantity  itself  (called 
the  integral),  if  only  we  know  what  quantity  it  is 
which  has  that  differential  coefficient. 

When  we  have  indicated  how  the  differential 
coefficients  of  a  number  of  expressions  can  be  deter- 
mined, the  importance  of  these  points  will  be  recog- 
nised. 
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LESSON  in. 

ILLUSTRATIONS   OF   THE   USE   OF   THE   CALCULUS. 

The  plan  we  adopted  in  Lesson  I.  to  obtain  the 
differential  coefficient  of  the  expression  -J  cjt^  with 
respect  to  the  variable  t^  will  give  us  the  diiferential 
coefficient  of  many  other  variable  expressions. 

It  may  be  well  to  try  one  other  case,  giving  also 
an  illustration  of  the  value  of  such  processes,  before 
proceeding  to  obtain  the  differential  coefficients  of 
various  familiar  functions. 

Suppose,  for  instance,  that 

x  =  ai/  -1/        (i.) 

Increase  x  by  Ax,  and  y  by  A^ ;  then 

x  +  Ax  =  a(>j  i-  Ay)  -  [;if  +  2yAy  +  (A//)^]  .  .  (ii.) 

so  that,  subtracting  (i.)  from  (ii.), 

Ax  =  a  Ay  —  2yAy  —  (Ayy 

and  —  =  a  —  2  V  —  A  ?/. 
Ay  -^  ^ 

Now  make  Ax  and  Ay  infinitely  small,  calling 
them  dx  and  dy.     Then  we  get 

~  =  a-2y  —dy  -^a  —  2y, 
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This  process  would  be  very  cumbrous  if  applied 
to  complex  expressions.  Therefore,  the  first  matter 
considered  in  treatises  on  the  differential  calculus,  is 
the  determination  of  rules  by  which  a  differential 
coefficient  may  be  readily  obtained.  In  the  next 
lesson  on  the  subject  I  shall  give  some  of  these  rules, 
without  dwelling  at  any  great  length  on  the  reason- 
ing by  which  they  are  established.  Much  of  this 
reasoning,  indeed,  would  be  beyond  those  for  whose 
special  service  these  lessons  are  written.  The  advan- 
tage derived  from  the  practical  application  of  the 
differential  calculus  to  problems  not  easily  solved  in 
other  ways,  will  encourage  the  student  to  discuss 
after  a  while  the  reasoning  by  which  the  rules  of  the 
calculus  have  been  established.  The  great  difficulty 
has  hitherto  been  that  this  reasoning,  coming  before 
the  student  has  learned  the  power  of  the  calculus, 
has,  by  its  length  and  complexity,  prevented  many 
from  pursuing  the  study  of  the  subject. 

But  even  at  this  stage,  it  will  be  well  to  illustrate 
the  application  of  the  differential  calculus. 

Suppose  we  had  this  problem  given  :  — 

The  length  of  the  line  AB  (Fig.  2)  is  a ;  where  must 

a  point  P  he  taken  in  order  that  the  | 

rectangle  under  AP,  PB  may  be  as  ^  v  ^'  ^ 
great  as  possible  ?  ^'^"*  ^" 

Since  AP  is  y,  PB  is  (a  —  y),  and  the  rectangle 
under  AP,  PB  (which  call  x)  is  y  (a  —  y)  ;  that  is 

X  z^  ay  ^  y'^. 
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We  want  x  to  be  as  great  as  possible.  Now  the 
differential  coefficient  of  x  with  respect  to  7/,  is  the 
rate  at  which  x  increases  with  increase  of  ij  (from  0  to 
a) ;  and  so  long  as  x  is  increasing,  x  is  not  as  great 
as  possible.  We  must  find  then  when  x  ceases  to 
increase,  or  when  its  rate  of  increase  (or  its  differen- 
tial coefficient)  is  reduced  to  nought.  Now  we  have 
seen  that  when 

x  =  a\j-  7/2, 
Putting  this  equal  to  nought,  we  have  the  equation 


a  -  2//  =  0, 
a 

2' 


a 
or  2/  =  o  • 


So   that   P   must  bisect  AB,  in  order  that  the 
rectangle  under  AP,  PB  may  be  a  maximum. 

Here  is  another  problem  : — 

AG  (Fig.  3)  is  a  cylinder  constructed  to  fulfil  the 

^    condition    that    its   height    AB  

added  to  AG,  the   radius  of  a      r^-^      °     — A 

circular  face,  is  equal  to  a  fixed  a  Vs^^_  J  c 

length  a.      Required  the  height  fxg.  3. 

of  the  cylinder  in  order  that  its  curved  surface  may  he 

as  great  as  ])ossihle. 

Put  AB  =  7/ ;  so  that  AO  z=  a  —  y. 

Then  the  curved  surface,  which  we  call  Xj  is  repre- 

c2 
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sented  by  the  rectangle  under  the  height  and  the  cir- 
cumference of  a  circular  face.  That  is  (representing 
the  ratio  of  the  circumference  to  the  diameter  as  usual 

X  =  2'ir(a  —  ?/)//  =  27r(a//  — //-). 

Here,  as  before,  we  must  have  the  rate  of  increase  of 
X  with  increase  of  y  (or  the  differential  coefficient  of 
x)  nought.  But  if  we  went  through  the  process  for 
determining  the  differential  coefficient  as  above,  we 
should  readily  get 

and  the  equation 

27r(a  -  27/)  =  0 
gives 

a 
2/ =  2' 

or  the  height  of  the  cylinder  must  be  equal  to  the 
radius  of  its  base. 
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LESSON  lY. 

DIFFERENTIATING  SIMPLE   FUNCTIONS. 

We  are  now  to  consider  the  differential  coefficients  of 
certain  familiar  expressions,  and  to  lay  down  rules 
by  whicli  tlie  differential  coefficient  of  any  expression 
can  be  readily  determined. 

In  the  first  place,  let  me  note  that,  for  con- 
venience, the  quantity  whose  differential  coefficient  is 
to  be  determined  is  commonly  called  either  y  or  u; 
and  the  quantity  whose  variation  causes  the  former 
to  change  is  commonly  expressed  by  x,  I  select  y 
for  the  former  and  retain  x  for  the  latter  purpose. 
Let  it  be  remembered  that  there  is  no  real  necessity 
for  any  fixed  practice  in  this  matter.  In  the  last 
lesson,  for  example,  I  used  in  one  case  s  and  t 
instead  of  y  and  x,  while  in  the  other  example  I 
interchanged  x  and  y. 

Let  me  repeat  that  the  differential  coefficient  of 
one  quantity  y  with  respect  to  another  x,  is  an 
expression  indicating  the  rate  at  which  the  former 
increases  as  we  increase  the  latter.  I  advisedly  use 
the  word  increase  as  respects  y,  even  though  increase 
of  X  may  cause  decrease  of  y.  For  in  such  a  case  the 
differential  coefficient  will  come  out  negative,  and  a 
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negative  increase  is  the  true  algebraical  equivalent  of 
decrease. 

And  now  for  the  differential  coefficients  of  the 
simple  functions. 

If  y  =  a^  or  is  constant,  its  differential  coefficient 
with  respect  to  x  is  of  course  0. 

Let  y  =  a?'*,  where  ?i  is  a  positive  whole  number. 
In  this  case  we  will  go  through  the  process  for  find- 
ing the  differential  coefficient.  We  increase  x  by 
Aa?,  and  assume  that  y  is  thus  increased  by  ^y} 
Then 

2/  +  At/  =  (»  +  Ace)" 

=  a;"  +  7ia?"~^Aaj 

ja  finite  number  of  terms  in- 
i     volving  {/^x)\  {^x)\  &c. 
and  y  =  x^. 

Therefore   subtracting 

A?/  =  ?iaj"~^  Aaj 

rterms  involving  higher  powers  of  Aa; 
(     than  the  first. 

*  It  is  most  important  to  remember  that  A  a?  is  a  single  quan- 
tity, not  A  multiplied  by  x,  but  the  increment  of  x.  In  the  old 
notation  of  fluxions,  a  simple  expression  was  used.  But  in 
advanced  applications  of  the  differential  calculus,  the  notation 
of  fluxions  fails  totally,  and  the  dx's  and  dif&  alone  serve  the 
mathematician's  purpose.  Dots  represented  diftorentiation  in 
the  old  system  of  fluxional  notation  ;  a  circumstance  which  led 
Babbage  to  make  the  quaint  jest  respecting  the  labours  of  Tea- 
cock,  John  Herschel,  and  others,  at  Cambridge,  that  they  substi- 
tuted diam  for  the  dotage  of  fluxions. 
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Hence, 

.  -'  =  nx'^~^  +  terms  involving  Ax  and  its  powers. 
Ax 

Now,  suppose  Ax,  and  therefore  Ay,  to  become 
indefinitely  minute,  calling  them  respectively  dx  and 
dij,  and  we  have 

dy  „    1    .     fa  finite    number   of   inde- 

dx  I    finitely  minute  quantities 

=  nx^'-K 

The  extension  of  this  proof  to  the  cases  where  n 
is  fractional  or  negative,  or  both,  would  not  suit 
these  lessons.      Let    it   suflice  that   for    all   values 

of  71 

if  y  =  x^ 

^y  n-l 

dx 

But  let  us  remove  this  result  from  the  region  of 
algebraical  expressions  for  a  moment,  in  order  that 
its  significance,  and  the  significance  of  sequent 
results,  may  be  fully  recognised.  Take  x  to  be  10, 
and  Tfc  to  be  4,  then 

y  =  10*  ==  10000. 

Try  now  the  effect  of  adding  to  x  some  small 
quantity,  say  1-1 00th,  or  -01.  Then  instead  of  10"^, 
y  becomes  (lO'Ol)'*,  and  if  we  calculate  the  value  of 
this,  we  find  it  to  be 

10040-06004001. 
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The  effective  part  of  the  increment  of  y  is  the  40, 
and  the  proportion  it  bears  to  the  increment  of  x 
(or  1-lOOth)  is  4000.  This  is  4  times  the  cube  of 
10,  or  ?iic"~^  And  so  in  any  case  the  reader  may- 
care  to  try  :  whenever  y  •=  x^^  a  minute  increase  in 
the  value  of  x  gives  to  y  an  increase  7^2;""  *  times  as 
great. 

The  general  result  enables  us  to  at  once  express 
the  differential   coefficient  of  all  such  quantities  as 


\/^, 


zr-    1 


X. 


,2' 


and  so  on.  It  is  only  necessary  to  write  these  (or 
conceive  them  written),  in  the  forms  a?\  a?*,  x~^^  to 
see  that  the  respective  differential  coefficients  are 

which  we  may  write  respectively 

1      1       ,    2 

Any  one  who  has  become  at  all  practised  in  applying 
the  differential  calculus,  would  of  course  write  down 
these  results  at  once.  It  is  plain,  too,  from  the  mode 
of  proof  that  if  y  =  aa;",  where  a  is  constant, 

-''-■=.  anx"~^. 
ax 

The  next  simple  function  I  shall  take  is  the  sine 
of  an  angle.  And  having  in  view  the  importance  of 
the  reader's  obtaining  clear  views  of  the  nature  of  a 
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differential  coefficient,  T  sliall  iii  tliis  case  employ  a 
geometrical  way  of  finding  such  a  coefficient. 

Let  the  angle  x  be  repre- 
sented by  AOB,  Fig.  4  ;  then, 
using  the  arc  measure  and 
making  the  radius  unity,  we 
have  Pia.  4. 

X  =  arc  AB, 
and  sin  x  =  BF,  where  BF  is  perpendicular  to  OA, 
=  y  suppose. 

Now  let  angle  AOB  receive  the  small  increment 
BOC,  and  call  the  arc  BC,  Ax ;  then,  completing  the 
figure,  the  corresponding  increment  of  the  sine  is 
CD.     Hence 

Ax      CB' 

Now  it  is  clear  that  as  0  is  brought  nearer  and 
nearer  to  B,  the  figure  BOD  approaches  more  and 
more  nearly  to  the  figure  of  a  triangle  similar  to 

CD 

BOF ;  and  therefore,  the  ratio  ^^^    approaches  more 

CB 

OP 
and  more  nearly  to  the  ratio  r^=-.    Hence  when  C  so 
•^  OB 

moving  is  just  coming  upon  B  (in  which  state  of  things 
let  BC  be  called  dx,  and  CD  be  called  dy)  we  have 

dy      OF  1 

-— •  =  —  =  cos  X, 
dx      OB 

*  The  reader  should  very  carefully  note  that  this  is  not  an 
approximate  result,  but  exact.     In  all  these  cases,  where  limits 
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We  have  then,  if 


y 

= 

smx, 

dy 



cos  X. 

Let  us  study  this  result  a  little. 
Remembering  that  the  differential  coeflficient  of  a 
quantity  expresses  the  rate  at  which  the  quantity  is 

are  dealt  with,  we  are  compelled  to  consider  approximate  cases 
ill  order  to  learn  the  nature  of  the  final  state  of  things ;  but  our 
result  refers  to  that  state  of  things,  and  not  to  any  intermediate 
state,  however  near.  The  reader  has  misse^  the  essential  point 
of  the  method  of  limits  if  he  fails  to  see  this.  We  have  not 
to  deal  with  approximate  results  at  all  in  thus  applying  the 
method.  Perhaps  the  beginner  may 
recognise  this  truth  more  clearly  if 
I  apply  the  method  to  solve  a  well- 
known  problem.  Let  it  be  required 
to  determine  the  angle  ART,  in- 
cluded between  a  radius  AB  of  the 
circle  BCF  (Fig.  5),  and  the  tangent 
BT  at  B.  Take  C  a  point  near  B, 
and  draw  the  secant  CBD.  Then 
conceive  that  C  approaches  1'., 
carrying  the  secant  along  with  it.  Obviously  when  C  h:is  tlnis 
moved  up  to  B,  the  secant  will  occupy  the  positionof  the  tangent 
BT.  Now  in  any  antecedent  position,  as  C  ir\  the  figure,  we  have 
the  triangle  ABC  isosceles;  and  the  equal  angles  ABC,  ACB  to- 
gether, differ  from  two  right  angles  by  the  angle  A.  Hence  ABC 
falls  short  of  a  i  ight  angle  by  half  the  angle  A ;  so  that  ABD  (which 
together  with  ABC  makes  up  two  right  angles)  exceeds  a  right 
angle  by  half  the  angle  A.  Now  when  C  moves  up  to  B,  the  angle  A 
diminishes,  and  ultimately  vanishes.  Hence  the  difference  be- 
tween ABD  and  a  right  angle  ultimatel>'  vanishes  ;  so  that  when 
the  secant  CBD  has  become  the  tangent  BT,  the  argle  ABT  is  a 
right  angle.  "We  know  this  to  be  not  approximately,  but  exactly, 
true  ;  but  the  reader  must  not  be  satisfied  until  he  sees  that  the 
line  of  reasoning  given  \\eTQ  proves  it  to  be  so. 


Fig.  5. 
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increasing,  we  see  that  tlie  above  result  implies  tliat 
as  we  increase  the  angle  the  sine  increases,  until  x  is 

a  right  angle  or  ■— .     But  after   x   has    passed   this 

value,  cos  x  is  negative.  This  implies  that  the  sine 
thenceforth  diminishes  ;  and  we  know  as  a  matter  of 
fact  that  the  sine  does  diminish  as  the  angle  passes 
the  right  angle. 

Notice,  also,  how  the  differential  coefficient 
implies  the  rate  of  change.  We  know  that  cos  x  is 
unity,  or  has  its  greatest  value,  when  a?  =  0.  As  x 
changes  from  0,  then,  the  sine  changes  fastest. 
A  gain  ;  cos  x  is  nought  when  a;  is  a  right  angle,  and 
very  small  when  x  is  nearly  a  right  angle.  Hence 
the  sine  changes  very  slowly  as  the  angle  is  passing 
the  right  angle.  All  this,  of  course,  is  very  obvious 
without  any  reference  to  the  differential  calculus. 
But  it  serves  well  to  illustrate  the  application  of  the 
calculus  to  more  difficult  inquiries. 

Obviously,  if 

y  =  a  sin  Xj 

dy 

-^  =  a  cos  Xj 

ax 

In  the  next  Lesson  a  similar  method  will  be 
applied  to  others  of  the  trigonometrical  ratios. 
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LESSON  V. 

DIFFERENTIATING   SIMPLE   FUNCTIONS    (continued). 

It  inay  be  well  to  apply  the  metliod  already  used  to 
determine  the  differential  coefficient  of  sin  x,  to  the 
other  simple  trigonometrical  functions  ;  for  not  only 
does  the  method  indicate  well  what  a  differential 
coefficient  is,  but  as  all  these  functions  are  dealt 
with  in  the  same  way,  the  memory  is  aided  to  retain 
all  their  differential  coefficients. 

As  before,  we  use  the  circular  measure  for  angles, 
and  regard  radius  as  unity.  The  construction  of  the 
diagram  (Fig.  6,  p.  30)  is  obvious. 

Put  arc  AB  =  x,lBb  =  Ax. 
Then  we  have  seen  that  if 


dy 
V  =  sm  cc ;  ^  =  cos  x, 
^  '  dx 


Put  now 


y  =  cos  X  =■  Om, 

radius  being  unity.     Then 

Ay  =  cos  (x  +  Ax)  —  cos  x  =  Oh  —  Om  =  —  1cm 

Ay  _       7cm  _       IB 
•**  Ai~        B7;~  ""B6' 
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and  when  A^  and  Ay  are  both  indefinitely  small,  we 
have 

IB       Bw. 

,*.  when  y  =  cos  x:  -f-  =  —  sin  jc. 

ax 

Put  next 

y  =  tan  x  =  AT. 

Describe  arc  Tn  about  0  as  centre.     Then 

Ay  =  tan  (x  +  Ax)  —  tun  x  =  tA —  TA  =  Tt. 

A^^T^^T_^     T7i^_T^     TO. 
'''  Ax~  Bb~  Tn  '  Bb       Tn  '  BO ' 


and  when  Ax 

and  Ay  are  both  indefinitely  small,  we 

have 

T^       OR 

=          =  sec  a; ; 
Tn      Om 

and 

TO       TO 

BO  =  OA  =  '''  "• 

So  that  when 

V  = 

:  tan  X,  -^  =  sec'^x=  — . 

When  y  =  cotcc,  we  have  a  precisely  similar  con- 
struction; but  we  may  here  conveniently  use  the 
same  construction  which  has  given  us  tan  x  to  give 
us  cot  X.  For  this  purpose  we  set  00  at  right 
Angles  to  OA  and  call  the  arc  06,  x ;  and  &B,  Ax. 


30 
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Then  we  get  A^  for  cot  x  and  AT  for  cot  (cc  + Act). 
So  that  we  have  the  same  difference  T^,  only  in  this 

C 


Fig.  6. 

case  it  is  a  diminution  instead  of  an  increase.     AVe 
have  also 

TO  TO  -^,  r^^ 

-— -  =  -— ^    =  sec  r>A.  =  cosec  L/jd  =  cosec  x 
BO      OA 

(when  Wj  vanishes).     Hence  when 

dy 
dx 


,         dif  «  1 

y  —  cot  cc :    — '   =  —  cosec  ^x  =.  — .    ;r-« 


Next  take 


y  —  scc.r  =  OT. 
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Tlien 

Ay  =  sec  (x  +  Ax)  —  secx  =z  Ot  —  OT  =  nt ; 

Ay  _  nt  __  nt      Tn  ^ 
'''Ax~'Bb'^Tn'Bb' 

and  wlien  Ax  and  Ay  are  both  indefinitely  small,  we 
have 

nt      AT       ^ 
T^=OA  =  *"""^ 

while  ----  as  before  =  sec  x. 

So  that,  when 

du       ^  sina?  ^ 

y  =  sec  x  ;    --  =  tan  x  .  sec  x  —  — ^  — 
dx  cos^  X 

And  similarly,  calling  COZ>,  x^  as  in  dealing  with  the 
cotangent,  we  find  when 

dii  .  cos  x 

y  =  cosec  x:   -p-  =  —  cot .  oj  cosec  x  —  —  ^— „— . 

dx  sm^  aj 

The  student  should  have  the  differential  co- 
efficients of  the  six  simple  trigonometrical  functions 
at  his  fingers'  ends,  as  they  are  constantly  wanted. 
The  six  functions  are  here  collected  into  the  three 
which  have  positive  differential  coefficients  (for  arcs 
less  than  a  quadrant),  the  sine,  tangent,  and  secant; 
and  those  which  have  negative  differential  coefficients, 
the  cosine,  the  cotangent,  and  cosecant. 
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IS  y  =  sinx:     ~  =  eos  x 
-^  '      dx 

dx  cos^  X 
dy  __  sin  x 
dx      cos^  oj 


y  =  tan  a; ; 
ij  =  sec  x; 


A^ 


II  =  cos  x:     -^  =  —  smx 

1. 

1/  =  cot  a;;     -/  =  -  -.  .-    "^^    ^ 
cte  sin-*  a; 

c^w  cos  X 

y  =  cosecic:  /  = .-.r- 

aa;  sin^  x 

Let  us  next  try  the  inverse  trigonometrical  func- 
tions, and  see  whether  they  admit  of  similar  treatment. 

Take  y  =  sin~'aj.  Then  in  Fig.  6  we  may  re- 
present y  by  th3  arc  BA.  whose  sin  is  B?7i,  so  that 
Bm  represents  x. 

Thus    y  =  BA 
X  =  Bm 
Put      bl  =  Ax]  so  that  (x  +  Ax)  =  hk. 
Then  A]/  =  sin  ~^(a;  +  Ax)  —  sin  "J^aj 

=  arc  Ah  —  arc  AB  ^ 

=  B6 

'  *  Aa;       bl' 

Now  when  A?/  and  Aa;  are  both  indefinitely  small 

Bb      BO 

-^-T  =  ^^—  =  sec  y, 

bl       Om  -^ 
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Hence,  wlien 


dy  __ 


y  =  sin~'a3 ;    -^  =  sec  y  = 


>v/i  —  sin^^      ^1 


Applying  a  similar  metliod  to  the  other  simple 
inverse  fractions,  we  find 


If  7/  =  cos -'a;; 

d>i 

-/  =  —  cosec  y 

dx 

-1 

If  ?/  =  tan~^cc; 

dif           „ 

1 

1   +   CC2        ' 

If  2/  =  cot-'aj; 

5"  =  -  sinhj 
dx 

-1 

1  +x' 

If  ^  =  sec~^£c; 

dy  _  cos^^ 
dx       sin  y 

1 

£c /v/aj'-*  —  1 

li  y  =  cosec-^aj; 

dy             sin^// 
dx             cos '// 

-1 

a?VaJ^— 1 

The  student  will  find  no  trouble  whatever  in 
obtaining  any  of  these  results.  He  will  find  in  every 
case,  on  making  the  geometrical  construction  (or 
examining  that  already  made,  for  Fig.  6  illus- 
trates all  the  cases)  that  the  value  of  — •-  in  the  case 
^  Ax 

of  an  inverse  function  is  the  reciprocal  of  the 
value  of  —^'  in  the  case  of  the  correspondinof  direct 
function.     For  instance,  in  dealing  with  y  =  sin~'ic, 

D 
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we  found  -^  to  be  -=^ ,    whereas    in    dealinor   with 

/\x  hi  ° 

y=sm~^Xj  we  had  found 

Ax  Bb' 
This  was  to  be  expected,  when  we  consider  that  to 
say  y  =  sin~'aj  is  the  same  as  to  say  x  =  sin  2/;  so 
that  X  and  y  are  simply  interchanged  in  passing  from 
the  consideration  of  a  direct  function  to  the  con- 
sideration of  the  corresponding  inverse  function. 
Nevertheless,  it  would  not  be  sound  at  this  stage  of 

our  inquiry  to  determine  ~  from  this  consideration 
only.  Under  certain  limitations,which  we  need  not  con- 
sider here,  it  may  be  assumed  that  ■—  is  the  recipro- 

cal  of  —  .      But  at  present  we  regard  -^  as  a  single 
dy  ax 

expression.     It  is  derived  from    -^  by  supposing  Ay 

and  Ax  to  diminish  indefinitely.  Now,  when  Ay  has 
any  definite  value,  and  therefore  Ax  a  definite  value, 

it  is  of  course  true  that    — ^  is  the  reciprocal  of  -—  ; 

Ax  Ay 

but  we  mujBt  not  assume  that  of  necessity  the  value  to 

Ax 
which    --  tends  with  the   indefinite  diminution  of 

Ay 
Ay  and  Ax  is  the  reciprocal  of  the  value  to  which 

^^  tends  under  the  same  conditions.  This  would  be 
Ax 
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assuming  that  we  can  treat  dx  and  dy  as  themselves 
definite  quantities,  whereas  they  are  in  reality  in- 
definite, though  they  bear  to  each  other  a  definite 
relation.     It  would  matter  very  little  so  far  as  the 

dx  and  dy  of  the  simple  -~  are   concerned,    that  we 
ctx 

should  treat  these  as  separable  quantities ;  but  as  we 
advance  with  the  calculus  we  find  occasion  to  dif- 
ferentiate differential  coefficients,  and  we  are  led  to 
the  use  of  such  forms  as 

dh/     d^if     0 
d£' '  dx^'         ' 

and  it  would  be  altogether  inadmissible  to  regard  the 
dx'^  and  the  dx^  of  these  expressions  as  if  they  were  the 

square  and  cube  of  the  dx  in  the  expression  -~. 

ctx 

Of  course  when,    after   starting  from,   say,  the 

statement 


y  = 

sec-\ 

we  find 

dx 

_  cos^  y 
sin^' 

it  is  easy 

to 

express  this 

result 

in 

terms 

of  X 

;  for 

J. 

we  have 

X  = 

sec  y. . 

So  that 

cos 

"I- 

and  sin  y  = 

V 

A- 

T 

x^' 

^bsb 


D  2 
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I  miglit  here  give  some  examples  illustrating  the 
application  of  the  differential  calculus — with  the  co- 
efficients already  determined — to  various  problems 
of  interest.  But  it  will  be  well  first  to  get  over  so 
much  elementary  ground  as  is  involved  in  the  deter- 
mination of  rules  for  differentiating  all  expressions 
whatever.  For  then  we  can  take  a  much  more 
varied  range  of  examples  than  we  could  by  limiting 
ourselves  to  the  application  of  what  we  have  already 
learned.  It  is  seldom  in  physical  questions  that  we 
are  limited  to  simple  trigonometrical  functions,  and 
we  could  scarcely  advance  half-a-dozen  steps  without 
feeling  the  necessity  of  rules  for  finding  the  differ- 
ential coefficients  of  complex  functions  and  functions 
of  functions.  Indeed  we  should  have  found  the  use 
of  such  rules  in  simplifying  what  we  have  already 
done,  only  that  it  seemed  well  to  have  a  few  examples 
of  the  process  of  obtaining  a  differential  coefficient 
directly.  Otherwise  when  we  had  to  consider,  say, 
y  =  sec  37,  we  might  have  regarded  2/  as  a  function  of 
cos  X,  and  proceeded  from 

1  =  — 

cos  a? 

to  write  down  the  differential  coefficient.     Again  we 
might  have  written,  for  y  =  tan  x 

y  =  sin  X  .  sec  x, 

and  at  once  written  down    -f^,    if  we  had  the  rules, 

dx 
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which  I  shall  proceed  to  examine  and  establish  (as 
far  as  is  necessary  in  such  elementary  lessons  as  these) 
in  Lesson  VI.  Then  we  can  proceed  to  discuss  a 
few  problems  which  will  not  only  show  the  great 
value  of  the  calculus,  but  also  illustrate  the  real 
meaning  of  what  we  have  thus  far  done. 

I  may,  however,  here  pause  to  note  that  the 
reader  must  not  allow  himself  to  be  mystified  by  the 
use  of  such  an  expression  as  '  differential  coefficient,' 
a  term  which  might  seem  expressly  devised  to  deter 
the  young  mathematician  from  the  study  of  the 
calculus,  as  implying  that  it  cannot  possibly  be  of 
any  practical  use — at  any  rate,  in  simple  problems. 
For  what  idea  of  utility  does  the  expression  '  differ- 
ential coefficient'  convey?  and  why  should  an  ex- 
pression be  employed  really  belonging  to  a  matter 
with  which  elementary  applications  of  the  calculus  are 
in  no  way  concerned  ? — viz.,  the  expansion  of  sundry 
functions  in  the  form  of  series,  of  which  what  we  are 
calling  the  differential  coefficient  is  one  of  the  co- 
efficients. "What  the  young  student  has  to  bear  in 
mind  is  that  what  (to  avoid  the  invention  of  new 
terms)  we  call  the  differential  coefficient,  is  in  reality 
a  quantity  indicating  the  rate  at  which  whatever 
function — simple  or  complex — we  want  to  deal  with, 
changes  with  the  change  of  the  variable  it  involves. 
When  we  consider  how  many  problems  depend  on 
such  changes  and  cannot  possibly  be  dealt  with  unless 
we  can  determine  their  effects  and  limits,  the  import- 
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ance  of  a  calculus  devised  for  this  purpose  will  be  at 
once  obvious.  We  sliall  very  soon  be  able  to  show 
this,  for  wa  shall  very  soon  have  completed  our 
.'^quiry  into  methods  by  which  the  rate  of  increase 
of  any  quantity  whatever,  as  its  variable  increases, 
can  be  determined. 
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LESSON  YI. 

DIFFERENTLA.TING   COMPOSITE  FUNCTIONS. 

We  have  now  to  establisli  rules  for  dealing  with 
composite  functions,  and  functions  of  functions. 

First  let  us  take  composite  functions — viz.  (i.)  the 
sums  and  differences  of  functions ;  (ii.)  the  products 
of  functions  ;  (iii.)  functions  divided  by  functions. 

I.  Let  u  =  V  +  w  —  y  +  Zj  &c.,  where  v,  w,  ly,  z, 
&c.,  are  all  functions  of  x;  and  when  x  is  altered 
into  (x  +  Ax),  let  u  be  altered  into  (u  +  Aw),  v  into 
(v  +  Av),  w  into  (ic  +  Aw),  &c.     Then 

u  +  Au  =  {v  +  Av)  +  (iv  +  Aw)  —  (7/  +  Ay) 

+  (z  +  Az)  +  &c. 

Hence,  subtracting  the  former  equation  from  the 

latter, 

Au  =  Av  +  Aw  —  Ay  +  Az  +  &c., 

and  dividing  both  sides  by  Aa?,  we  have 

Aw  _  Av       Aw  _AyAzn 
Ax       Ax       Ax       Ax      Ax 

Now,   suppose  Ax  to  become  indefinitely  small,  so 

that 

Au     Av     Aw     Ay     Az    « 
Ax     Ax     Ax'    Ax     Ax      °'' 
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become  the  differential  coefficients  of  w,  v,  vj,  y,  z,  &c., 
with  respect  to  x.     Then  we  have 

du  _  dv      dw  _  dy   ,    d^   .    iL  /\\ 

~dx      dx       dx       dx       dx 

II.  Let  II  =  y  z]  2/,  ^,  as  before,  being  functions 
of  Xj  and  the  same  changes  taking  place  in  Uj  y,  z^ 
when  X  is  changed  into  x  +  Ax.     Then, 

u  +  All  =  (ij  +  A?/)  (z  +  Az) 

=  yz  +  zAy  +  yAz  +  AyAz, 

and  subtracting  the  former  from  the  latter 
Au  =  zAy  4-  yAz  +  AyAz 


and 


Au  __   ^y  ,    ^^4.  ^?/^^ 

Ac-c  ""    Aa?         Aaj         Aa?  * 


Now  w^hen  Ax  is  made  indefinitely  small,  this 
becomes 

---  =  z-^  +  y-~  +  -v^an  indefinitely  small  quantity) 
dx         dx       '  dx      dx 

or 

du  _    c?y         c?2 
dx         dx         dx'     ■ 

And  in  like  manner  it  may  be  shown  that  if 

u  =  vyz ... 
du  dv    .  dy  ,  dz       «  zt^^ 


DIFFERENTIAL   CALCULUS.  41 

HI.  Let 


V 
u  =  -, 

z 


D  and  z  being  functions  of  x.     Then 

z  ■\-  ^z      z\         y  J^         z  J 

z\         y  J\         z 

+  terms  involving  (A^;)^,  &c.  J 

__  7/       A?/  _y  .  Az 
z        z  z'^ 

+  (terms  involving  Ay.Az,  As;^,  &c.) 
.'.  Subtracting 

An  =  —  —  •'  '^     +  (terms  involving  A^^,  &c.    And 

/i  Z 

—  = IL  —IL  .  _Jl  -f  (terms  involviner  Az"^,  &c.) 

so  that  proceeding  to  the  limit, 

du  _  1  dij  _  y  dz  ,p. 

dx       z  dx       z^  dx 

which  may  be  written  in  the  easily  remembered  form 


du 
dx 


=  M4-^£)-       («) 


Take  next  a   function  of  a  function.     Suppose, 
for  instance,  that  u  =  ^  (^z),  where  2/  is  a  function  of  x. 
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liet  7/  change  to  2/  +  A?/  when  Ay  is  some  small  but 
finite  increment,  and  with  this  change  let  u  become 
u  +  Au,  and  x  become  x  +  Ax.     Then  we  have 


and 


u  +  Au  =  (/)(?/  4-  Ay) 

All  =  <\>{y  +  Ay)  -  <f  (7/) 

A2<       ^{y  +  A?/)  —  (^0/) 
Ax  ~  Ax 


_  <f>(ii  +  Ay)  -  </)(?/)  ^  Ay^ 
Ay  *  Aic' 

Now  let  Ay  become  indefinitely  small,  Ait  and  Ax 
becoming  also  indefinitely  small.     Then 

cj^jy  +  A//)  -  cf>(y)  ^^^^^^^  du         ■ 
Ay  dy 

in  accordance  with  our  definition  of  a  differential 
coefficient,  and  the  above  equation  becomes 

du  _  du     dy  ^j^x 

dx      dy  '  dx' 

If  we  note  that  relation  (C)  may  be  written  thus, 

*'  =  1    .  f5/  +  y^ 

dx      z   '  dx  dx 

(a  relation  not  apparent  until  D  had  been  established) 
we  see  that  relations  A,  B,  and  C  may  be  combined 
into  the  first  of  the  following  rules,  while  D  gives  the 
second :  — 
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Rule  I. — To  determine  the  di^erential  coefficient 
of  a  comjjosite  function  of  a  variable^  with  respect  to 
this  variahle,  differentiate  each  com'ponent  function 
ivith  respect  to  the  variable  as  if  the  rest  luere  constant^ 
and  add  the  results. 

Rule  II. — To  determine  the  differential  coefficient 
of  a  function  of  a  function  of  a  variable^  with  respect 
to  this  variable,  differentiate  with  respect  to  the  last- 
mentioned  function,  and  multiply  the  result  by  the 
differential  coefficient  of  this  function  with  respect  to 
the  variable. 

It  is  hardly  necessary  to  note  that  the  differential 
coefficient  of  a  constant  is  zero,  for  this  is  only  another 
way  of  saying  that  a  constant  does  not  vary.  It  is 
also  clear  that  if  the  differential  coefficient  of  a  quantity 
is  zero,  the  quantity  must  be  constant,  for  this  is  only 
saying  that  a  quantity  which  does  not  vary  is  constant. 
It  is,  moreover,  independently  obvious,  but  comes 
out  directly  from  Rule  I.,  that  if  the  differential  co- 
efficient of  a  quantity  is  Jcnown,  then  the  differential 
coefficient  of  the  quantity  midtiplied  or  divided  by  a 
constant  is  the  former  differential  coefficient  midtiplied 
or  divided  by  the  same  constant. 

We  had  occasion  some  time  back  to  note  that  two 
quantities  which  have  the  same  differential  coefficient 
can  only  differ  by  a  constant  quantity.  We  can  now 
prove  this.     For  let  there  be  two  quantities,  y  and  z, 
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both  functions  of  a  variable  a;,  wliicli  have  the  same 
coefficient  with  respect  to  a; :  so  that 

dij dz 

dx      dx 

Then,  \i  ij  —  z  =.  ii^  we  have,  by  Rule  1, 

dii  ^dy  _  dz  _  r. 
dx       dx      dx         ' 

wherefore  w  is  a  constant — i.e.  since  u  =:  y  —  z,  y 
can  only  differ  from  ^  by  a  constant  quantity. 

In   our   next   we   shall   give  some  examples  of 
differentiation  by  these  rules. 
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LESSON"  VII. 

illustrations:  maxima  and  minima. 

In  our  last  lesson  we  establislied  tlie  general  rules 
for  differentiating  composite  functions,  and  functions 
of  functions.  We  now  give  some  examples  of  the 
application  of  these  rules.  To  illustrate  the  first 
rule,  take  the  following  cases : — 

Required  the  differential  coefficient  of  a  +  x  ^  x^ 
with  respect  to  x.  The  differential  coefficient  of 
a  is  0,  that  of  a;  is  1,  that  of  —x"^  is  —  2x.     Hence,  if 


y  —  a  -{-  X  —  x"^ 

■I 

dx 


'^y  - 1  -  2^. 


Again  put 


y  =  (^co  +  X  —  x^)  sin  x. 

Then  the  differential  coefficient  of  (a  +  x  —  x^)  is 
(1  —  2ir),  and  the  first  portion  of  the  required  co- 
efficient is  therefore 

(1  —  2x)  sin  X. 

The  differential  coefficient  of  sin  x  is  cos  x;  and 
therefore  the  second  part  of  the  required  coefficient  is 

(a  +  X  —  x"^)  cos  X, 
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We  add,  according  to  our  first  rule,  and  so  we  get 
-7-  =  (1  —  2x)  sin  X  -\-  (a  +  X  —  x"^)  cos  x. 

(XX 

Next,   to  illustrate  the  second  rule,  though  we 
shall  presently  have  to  go  back  to  the  first : — 
Let 

y  =  (sin  a?)". 

Here  2/  is  a  function  of  sin  x.  So  that  by  the  second 
rule  we  treat  sin  x  as  if  it  were  the  quantity  with 
respect  to  which  y  is  to  be  differentiated.  We  know 
(see  Lesson  IV.)  that  if  y  were  equal  to  a?",  its  diffe- 
rential coefficient  would  be  nx^~K  Hence  in  this 
case  we  have  for  the  first  factor  of  our  coefficient 
7i(sin  xy~^.  But  the  rule  tells  us  we  are  to  multiply 
this  by  the  differential  coefficient  of  sin  x,  that  is  by 
cos  X.     Hence  we  have  finally 

-^■'-  =  n  (sIuct)  "~ '  cos  x, 
ax 

Take  another  case. 

Let 

y  =  (a^-  +  x^)K 

Here  y  is  a  function  of  (o?  +  x'^).  Hence  by  the 
second  rule  we  treat  (a^  +  x^)  as  if  it  were  the 
quantity  with  respect  to  which  y  is  to  be  differen- 
tiated. If  7/  were  equal  to  £c  ^  we  know  (see  Lesson  IV.) 
that  its  differential  coefficient  would  be 
1    -i         1 
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Hence  tlie  first  factor  of  the  required  coefficient  is 

1 

2(a2  +  x^Y 

We  are  to  multiply  this  by  the  differential  coefficient 
of  ip?  +  x^) — that  is,  by  2a;.  Therefore  we  have 
finally 


dif  _ 

"Ix          _         X 

dx 

2(^2  +  ^2^i         ^^1  ^  ^2 

Take  another 

case  of  the  second  rule. 

Let 

1 

y  =  -■ — 

sm  X 

We  know  that  if 

y  were  equal  to 

-  or  X-' 

X 

its  differential  coefficient  would  be 

2                     1 

Hence,  the  first  factor  of  the  required  coefficient  is 

1 

(sin  xy 

We  must  multiply  this  by  the  differential  coefficient 
of  sin  x,  that  is  by  cos  x.     Thus  we  get  finally 

dy  cos  X  o 

-/-  =  ~  ^-. -„  =  —  cos  cc  cosec^  X, 

dx  (sm  xy 

This  is  one    of  the  results  already  obtained.     But 
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observe  specially  that  the  differential  coefficient  of 
the  reciprocal  of  any  quantity  may  be  shown  in 
precisely  the  same  way  to  be  the  reciprocal  squared 
multiplied  by  the  differential  coefficient  of  the  quan- 
tity, taken  negatively.     For  example  : — 

If 

1 

y  = 


a^  +  x^ 


^^-  ^  x2a;=      -2^ 


dx  (a^  +  xy  (a^  +  xY 

And  now  finally  (so  far  as  the  present  lesson  is  con- 
cerned) let  us  take  a  case  in  which  both  of  our  rules 
are  applied,  but  more  directly  dealt  with  under  sub- 
rule  C  for  the  case  of  a  function  divided  by  a  func- 
tion. We  will  deal  with  it  in  both  ways,  as  more 
effectively  illustrating  this  part  of  our  subject. 

Let  ^  X 

sin  aj     vt'-  cr^^  "a 

y= 

cos  X 

By  the  first  rule  we  get  at  once  the  first  portion 
of  the  required  coefficient.  For,  treating  cos  a?  as  a 
constant,  we  take  the  differential  coefficient  of  sin  x, 
that  is,  cos  X,  and  get  the  first  portion,  viz. 

cos  X       T 

or  1. 

cos  X 

For  the  second  part  we  treat  sin  jc  as  a  constant, 
and  have  to  multiply  it  by  the  differential  coefficient 
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of  the  other  factor .    By  what  was  shown  in  the 

cos  QC, 


preceding  case,  this  is 


1  .  sin  X 

X  —  sm  X.  or 


cos^  X  cos^  X 

This  multiplied  by  sin  x  gives  for  the  second  portion 
sin^  X 


cos-^aj 
Hence  the  required  differential  coefficient  is 
sin^  X  1 


1  + 


COS^  X         COS^  X 


This  would  be  obtained  at  once  from  rule  0,  wliich 
states  that  where  one  function  is  divided  by  another, 
the  differential  coefficient  is  equal  to 

numer's  dif.  coef.       numer.  x  denominato-r's  dif.  coef. 
denominator  (denominator^^  ' 

or  from  the  more  symmetrical  form  of  the  differential 
coefficient  of  a  fraction — 

numer.  dif.  coef.  x  denom.  —  denom.  dif.  coef.  x  numer. 
(denominator/'^ 

We  have  now  had  a  good  deal  of  rule-stating  and 
rule-illustrating.  In  the  next  lesson  some  of  the 
rules  will  be  applied  to  a  few  problems  of  maxima  and 
minima.  Probably  some  readers  who  have  begun  to 
grow  weary  may  be  induced,  when  they  see  the 
value  of  the  rules,  to  master  them  more  thoroughly 
than  they  have  yet  done. 
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LESSON  Yin. 

FURTHER  EXAMPLES   OF  MAXIMA  AND   MINIMA. 

The  following  examples  may  serve  conveniently  to 
illustrate  the  application  of  even  the  first  principles 
of  the  differential  calculus  to  problems  vrhich  other- 
wise would  present  considerable  difficulty : — 

Problem  I. — A  person  is  in  a  boat  B  (Fig.  7) 
three  miles  from  the  nearest  point  A^of  a  straight  shore 
line,  G  D.  He  ivishes  to  reach  JE,  a  point  5  miles 
Jrom  A,  as  quickly  as  possible.  He  can  walk  5  miles 
an  hour^  but  only  row  4  miles  an  hour.  Where  must 
he  land ? 

^  A F_]g ? 


Suppose  F  is  the  point  where  he  should  land, 
and  call  AF,  x.     Then  BA  is  perpendicular  to  CD. 

And  

BF  =  VBAM^  =  a/9  +  x\ 

Hence,  the  time  taken  in  traversing  BF  is 

V9  -\-x^ 
4 
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Again, 

FE  =  5  -  a;, 

and  the  time  taken  in  traversing  FE  is 
5  —  X 


Thus,  if  2/  =  total  time  occupied  in  reaching  E,  we 
have 

x:^      VQ  -^x^   ,5—03 

Now,  following  the  two  rules,  we  get  readily, 
dij  _  X         _  1 

This  expresses  the  rate  at  which  the  time  increases 
as  F  is  moved  away  from  A.    One  can  see  that  when 

X  is  very  small  the  value  of  —  is  nes^ative.   Since  a 

dx 

negative  increase  is  decrease,  this  shows  that    our 

man  will  get  to  F  more  quickly  by  landing  to  the 

right  of  A  (close  by)  than  actually  at  A.     And  as 

long    as    —    continues     negative    this     shortening 

(XX 

continues.     But  as  x  increases,  we  reach  at  last  a 
value  for  which  -f-  ceases  to  be  neo^ative  and  be- 

comes  positive,   passing  through  the  value  nought. 
When  X  has  that  value,  the  shortening;  has  reached 

s  2 
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its  utmost ;  so  that  to  obtain  the  maximum  we  re- 
quire, we  have  only  to  solve  the  equation, 


or,  5ic  =  4\/9  +  a:;^, 

i.e.  2hx^  =  16  (9  +  x") 
=  144  +  16^2, 


This  gives 


9a;2  =  144 

3aj=:12 

a;  =  4. 

So  that  our  traveller  must  land  four  miles  from  A  or 
one  mile  from  F. 

We  see  that  whether  for  a  maximum  or  minimum 

we  must  equate   -^  to  zero.    The  question  itself  will 
dx 

show  whether  a  maximum  or  minimum  exists  for  tlie 

deduced  value  of  x. 

One  more  example  will  close  the  present  lesson. 

Problem  II. — A  sphere  has  a  radius  r.  Wliat  is 
the  greatest  right  cone  which  can  he 
inscribed  in  the  sjjhere  ?    • 

•  Let  BD   (Fig.  8),  the  height  of 

the  cone   ABC,  be  x.     Then   DC, 

the  radius  of  the  base,  is  a  mean 

^^  proportional  between  BD  and  DE. 

That  is 

no.  8.  DO  =  Va;(2r  -  x). 
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Hence  tlie  area  of  the  base 

=  ttx  (2r  —  ic), 
and  the  content  of  the  cone 

—  TTX^zr  —  X)  X  ^  =  — ^-  (2r  —  x). 
o  o 

(1  assume  a  knowledge  on  the  reader's  part  of  the 
relations  between  the  content  and  surface  of  cones, 
cylinders,  spheres,  and  so  on.) 

Now,  put  y  for  content  of  cone ;  that  is,  put 

1/  =  _  (2r  -  x), 

and  find  the  differential  coefficient  of  y  according  to 
the  first  rule.     We  can  write  it  down  at  once,  thus, 

(the  reader  will  at  once  see  that  the  two  portions  of 
this  value  are  obtained  by  Bule  I.,  in  Lesson  VI.) 

Now,  so  long  as  by  increasing  a?,  y  increases,  we 
have  not  a  maximum  cone.  Hence,'  since  the  differ- 
ential coefficient  expresses  the  rate  of  increase,  we 
must  have 


or 

that  is 
or 


!:^(2r-a;)-!!|!  =  0, 


2x  (2r  —  x)  —  x^, 

4irx  =  Sx^   ....  (i.) 
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This  gives 

4r 

and  therefore  D  must  not  be  where  it  is  shown  in 
Fig.  8,  but  DE  must  be  equal  to  twice  OD.  The 
reader  will  notice  that  (i.)  is  also  satisfied  if  £c  =  0. 
We  see  that  when  «  =  0,  the  volume  of  the  cone  is 
also  nought.  This  is  a  minimum  not  a  maximum 
value.  It  is  clearly  quite  as  necessary  that  the 
differential  coefficient  should  vanish  to  give  a  mini- 
mum as  to  give  a  maximum.  In  all  cases  like  the 
present,  and  indeed  in  nearly  all  the  most  useful 
simple  applications  of  the  calculus,  the  conditions  of 
the  problem  itself  show  us  when  we  have  a  maximum 
or  a  minimum.  There  are  rules  for  analytically 
determining  this  ;  but  I  shall  not  trouble  the  reader 
with  them.  He  sees  in  this  case  that  the  content  of 
the  cone  starts  from  0  when  the  height  is  0,  to  0 
again  when  the  height  is  2r  j  hence  at  some  part  of 
the  passage  from  0  to  0  the  cone  must  have  a  maxi- 
mum value ;  and  the  above  process  shows  him 
(what  he  could  not  readily  find^  by  any  other)  that 
the  cone  has  its  maximum  value  when  DE  =  2  OD. 
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LESSON  IX. 
DIFFERENTIATING   LOGARITHMIC   FUNCTIONS. 

Two  functions  still  remain  to  be  dealt  with,  log  x 
and  a^,  after  which,  the  student  will  be  able  to 
differentiate  any  functions  whatever,  simple  or 
complex. 

First,  then,  let  y  =  logaX,  Increasing  x  to 
X  +  AXj  whereby  y  is  increased  to  y  +  A?/,  and 
then  subtracting,  we  have 

Ay  =  loga   (x+  Ax)-logaX 
1  /x  +  Ax\ 

—  1  (^  ^  ^\  writing  h  for  AXj 

^  oga    y    "^  x)  for  convenience. 

loggaLx      2x^       3x^  J 

...  Aj^_^ri_A  +  ^_&c.1 

Ax      loggaLx       2x^      Sx^  J 

Now  when  h  is  very  small,  all  the  terms  within 
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brackets,  except  the  first,  may  be  neglected,  for  they 
are  less  in  absolute  value  than 


h  n    .   7i  j_  ^^'  _L  A'    1 
2x'L         XX  J 

2x^  '    \        x) 


h 


2x(x  -  h) 


a  quantity  vanishing  with  Ji,     Hence,  finally,  when 
A  y,  A  ic  are  both  indefinitely  small,  we  have 


dx      xlog  gCb 
It  follows  that  if  y  =  log^x 

dx      x' 
Now  let  y  =  a*.     Here  we  shall  content  our- 
selves by  proceeding  as  follows : — 

^  =  ^ogay 
.    dx  I  1 


dy       yQog.a       a^log.a 
and  -/  =  a^los^a. 


dx 


/g«^. 


[There  is  no  objection  in  this  case  to  regarding  --^ 

dx 

as  the  reciprocal  of  -— ,  however  true  it  may  be  that 
ay 

-^  is  to  be  regarded  as  a  single  expression.] 
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It  follows  that  if  2/  =  e^ 

Jl  =  e^  also. 
ax 

We  can  now  differentiate  any  expression  we 
please,  however  complex.  There  is  scarcely  ever 
any  room  for  much  ingenuity  in  the  choice  of 
methods  in  differentiating.  Still  at  times  we  find 
that  space  is  saved,  and  we  avoid  the  chance  of 
errors  in  working,  by  modifying  our  method  of  pro- 
cedure. 

Here  are  a  few  examples  for  differentiation : — 


1.  Let  y  =  x{a'^  +  x'^)  \/o?'  —  oi?. 

Here,  proceeding  on  the  straightforward  course, 
we  get 

,    =  {a?  +  x^)  yti^  —  x^-\-  2x^ \/o/-  —  x^—     n^-       ./ 
a'  —  x^  -{■  2a'^x^  —  2a^  -  a^x'  —  x^ 


*Ja?-  —  x^ 

__a*  ■}-  a^x'^  —  4iX^ 

*sja?-  —  x^ 

But  we  might  have  proceeded  thus  : — 
log  2/  =  log  cc  +  log  (a?  +  a;^)  +  i  log  {a^  —  x^) 
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.  • .  differentiating  with  respect  to  x 


y     dx      X       a^  +  x"^       a^  —  x^ 

_     a'^  +  a'x'  -  4.'X* 
X  (a^  +  a;2)  (a^  -  x^) 

dy  __  a*  +  a^x^  —  4a;* 
dx  A/a"'  -  x' 


2.  If     y  =  log  (log  a;) 

dx       X  logic 

3.  If      y  =  log  (log  [logo;]) 

dy       1       1  1 


dx      X  log  X    log  (log  x) 

4.  Let  y  =  a^^. 

Here  we  treat  ar^  as  the  variable  exponent. 

...|=log..a-.|(^) 

=  log  a  .  a^^  (x  x^~'^  +  a;  * .  log  a;) 
=  log  a  .  a^"^  x^  (1  +  log  a;). 

5.  If     y  =  a}"^"^ 

dy  _  log  (I .  a}''^' 
dx  X 


6.  If     y  =  of' 
=  log 

=  loga;.a;^af  (1  +  loga;)  +af^»'"^ 


^  =  loga;.«^a:*(l  +  loga)  +  af  (a^-^) 
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OTHER  examples:    MAXIMA   AND   MINIMA. 

We  will  consider  a  few  more  applications  of  the 
differential  calculus  to  problems  of  maxima  and 
minima. 

A,  B,  Fig.  9,  is  tlie  section  of  a  plane  horizontal 
surface ;  L,  a  light  vertically  above  A.  If  AB  =  1  ft., 
at  what  height  should  L  be,  that  the  illumination  at 
the  point  B  may  be  as  great  as  possible  ? 


Fig.  9, 


[It  is  clear  there  is  a  maximum  here,  for,  if  L  is 
in  the  same  level  as  B,  the  illumination  is  zero,  and 
so  also  the  illumination  is  zero  if  L  is  at  an  infinite 
height.] 


60-  EASY  LESSONS  IN   THE 

Let  AL  =  X.  (The  light  is  supposed  to  be  a 
point,  or  at  any  rate  to  act  as  if  collected  at  a 
point.) 

Then 


BL  =  VAB2  +  AL2 


And  according  to  the  known  laws  of  illumina- 
tion, the  illumination  at  B  varies  inversely  as  the 
square  of  the  distance  BL,  and  directly  as  the  sine  of 
the  angle  LBA.  Hence,  taking  m  (which  will  not 
eventually  trouble  us)  as  a  suitable  constant,  we  rnay 
represent  the  illumination  at  B  by  the  expression 

m        AL      m .  AL 


(BL)2     BL        BU 

Call  this  illumination  y  ;  then 

mx  r  \ 

^  =  (rT^« ('•) 

Now,  to  differentiate  this  expression,  we  take 
first  the  differential  coefficient  of  the  numerator  and 
multiply  it  into  the  denominator.     This  gives 

m(l  +  a;2)*. 

Then  we  take  negatively  the  differential  coefficient 
of  the  denominator  and  multiply  it  into  the  numer- 
ator.    This  gives 

-|(1  4-  x")^ .  2x  X  mx,  or  3(1  -f  x'')^mx\ 
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"VVe  have  only  to  put  the  square  of  the  denomi- 
nator under  these  two  expressions,  thus 

m(l  +  x^y^  —  3(1  +  x^)^mx^ 
(1  +  x'f  ' 

to  get  the  differential  coefficient  of  y,  and  we  could 
reduce  and  simplify  this  expression  considerably. 
But  observe,  we  only  want  to  equate  the  coefficient 
to  zero  (that  being,  as  in  former  cases,  the  way  of 
getting  the  required  value  of  x).  So  that  we  have 
no  occasion  to  write  out  the  differential  coefficient  as 
above,  or  to  reduce  it.  We  need  only  write  its 
numerator  and  equate  that  to  zero.     This  gives 

w(l  +  xy  -  3(1  +  x'')hnx''  =  0  .     .    (ii.) 

or  [dividing  out  by  m(l  +  ic^)*] 

(1  +  x'')  =  3x\ 

That  is 

2:c2  ^  1 

1 
or  X  =  — ,  . 

Hence,  AL  should  be  about  8f  inches. 

If  we  had  taken  AB  =  a  instead  of  1,  we  should 
have  obtained  the  result 

a^  +  x"  =  3^2 . 
i.e, 

2x^  =  a\ 
or, 

a 
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Note  that  the  working  of  this  problem  would  be 
very  short  in  practice.  In  fact,  after  expressing  // 
in  terms  of  x^  as  at  (i.),  the  student  would  write  down 
equation  (ii.)  at  once  ;  and  solve  as  above. 

Observe,  again,  that  we  can  vary  our  method  of 
attacking  these  problems  by  varying  the  relation 
whose  change  is  to  give  our  maximum.  For  in- 
stance, suppose  we  attacked  the  above  problem  in 
this  wise : — 

Let  the  angle  LBA,  Fig.  9,  be  called  x.  Then  we 
know  that  BL  =  BA  sec  x.  And  the  illumination 
at  B  may  be  represented  by 

m 
BA-^  sec^  X 

Putting  this  equal  to  2/ ,  we  have 


y  =  m  cos^  X  .  sin  x. 


Hence 


Y^  =  m [—  2  cos  X  sin^  x  +  cos^ x  cos  x']. 

CLX 

[I  leave  the  reader  to  see  how  this  is  obtained  by 
applying  the  rules  given  in  preceding  papers,  noting 
that  a  very  moderate  degree  of  practice  will  enable 
him  to  write  down  such  a  result  at  once.] 

Equating  this  expression  to  zero,  we  have 

cos^  X  cos  ic  =  2  cos  x  sin^  x. 
Hence 

sin*  ic  __  1 
cos^""  2* 


or. 


I.e. 
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tan  X  =  —T=  ; 

V2' 


Hence 


BA      V2' 


AL  =  —^  =  — —  as  before. 


V2       V2 


Neither  method  has  the  advantage  in  this  in- 
stance, but  often  a  good  deal  depends  on  a  proper 
choice  of  the  method  to  be  followed.  For  example, 
suppose  B  is  a  point  on  a  desk  (Fig.  10)  sloped  at  an 
angle  a  to  the  horizon,  and  that  we  require  the  height 
AL,  which  will  give  the  maximum  illumination  in 
this  case.  Then  the  first  method  would  be  very 
inconvenient ;  but,  on  applying  the  second,  the  value 
of  y  is  little  altered.  We  only  have  to  put,  instead 
of  the  factor  sin  x  (i.e.  sin  LB  A)  ^  the  value  sin  (x—a) 
[i.e.  sin  LBM],  giving 

y  z=i  m  cos^  X  sin  (x  —  a). 

And  this  is  differentiated  quite  as  easily  as  the  other 
expression,  giving 

—  .  —  =  —  2  cos  ic  sin  £c  sin  (x  —  a) 
m     dx 

+  cos^  x  cos  (x  —  a). 
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Equating  this  to  zero,  we  have 


Fig.  10. 


2  COS  X  sin  x  sin  (x  —  a)  =  cos-  ic  cos  (a;  —  a), 


or. 


2  sin  ic  sin  (oj  —  a)  =  cos  a;  cos  (x  —  a)  .  .  (iii.) 

Here  we  want  only  a  moderate  familiarity  with 
trigonometrical  processes  to  get  out  our  result,  for 
equation  (iii.)  is  the  same  as 

2  cos  a  —  2  cos  (2x  —  a)  =  cos  <x  +  cos  (2x  —  a) ; 

that  is 

3  cos  (2x  —  a)  =  cos  a, 


or 


/o  N       cos  a 

cos  (zx  —  a)  =  — ^.,— . 
o 

This  is  sufficient  for  finding  x,  because  a  is  supposed 
to  be  known.  Suppose,  for  example,  a  is  equal  to 
eight  degrees,  tJie  slope  of  my  desh,  for  I  have  taken 
the  notion  of  working  out  this  particular  prohlem  with 
the  practical  design  of  determining  how  high  I  should 
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set  the  moderator  ivhich  illuminates  the  jpaper  I  am 
writing  upon ;  we  have  then, 

cos  {2x  -  8°)  =  ^  cos  8° 

,  /  r^^/^-.^^^  I  froHi  a  tablo  of 


''iia 
=  -33009 
=  cos  (70°  44') 

,tural  cosines 
nearly  enough ; 

•    < 

,  2x 

-  8°  =  70°  44' 

2x  =  78°  44' 

X  =  39°  22'. 

Kg. 

10, 

is  equal  to  BA  tan  x.    Now,  in 

And  AL, 

the  case  of  my  desk  and  light,  BA  is  equal  to  18  in., 
and  B,  the  part  of  the  desk  where  I  actually  write 
(shifting  the  paper  to  this  point  as  I  write  on,  line  by 
line)  is  about  4  in.  above  the  level  of  the  table  3  so  that 
the  height  of  the  light  should  be 

(4  +  18  tan  39°  22')  in. 

I  take  out  the  log  tan  of  39°  22',  which  is 
1-91404,  and  add  to  it  the  logarithm  of  18,  which  is 
1-25527,  getting  1-16931,  which  is  the  logarithm  of 
14*768.  Adding  4  to  this,  I  find  that  the  best 
height  for  the  light  of  the  moderator  (above  the 
surface  of  the  table)  is  as  nearly  as  possible  18|  in. 
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LESSON  XI. 

VANISHING  FRACTIONS. 

The  reader  has  seen  enougli  of  the  application  of 
the  differential  calculus  to  problems  of  maxima  and 
minima  to  feel  satisfied  of  the  value  of  the  method. 
I  may  now  briefly  consider  another  class  of  problems 
to  which  the  calculus  may  be  conveniently  applied. 

A  differential  coeflScient  is  in  reality  a  fraction  of 
the  form  -g-,  or  what  is  termed  a  vanishing  fraction, 
and,  like  many  other  vanishing  fractions,  it  has  a  real 
value.  Now  it  is  often  necessary  to  find  the  value  of 
vanishing  fractions,  and  though  ordinary  algebra  may 
sometimes  be  successfully  employed  for  the  purpose, 
this  is  not  always  possible,  and  often,  though  possible, 
it  is  very  difficult.  The  differential  calculus  enables 
us  to  treat  such  fractions  very  simply. 

Let  us  take  such  a  vanishing  fraction,  and  con- 
sider what  is  really  required  for  its  evaluation. 

Take  the  fraction 

x"  -  a'  ' 

the  numerator  and  denominator  of  which  both 
vanish  when  x  is  equal  to  a.  Now  we  can  at  once 
find  the  value  of  this  fraction  by  striking  out  the 
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common  factor  x  —  a^  and  so  changing  it  into  the 

form 

(x  f  a) 
x^  +  ax  -i-  of 

2 
the  value  of  which  is  — -  when  x^  a.    Even  to  this 
6  a 

simple  application  of  algebra  there  is  an  objection  ; 
since  striking  ont  a  factor  equal  to  0  is  a  question- 
able process.  The  result,  however,  is  correct  enough. 
But  the  only  legitimate  way  of  treating  such  a 
fraction  would  be  to  inquire  what  its  value  is  when 
X  is  taken  very  nearly  equal  to  a,  as  a  +  A,  and  so 
trying  to  find  out  what  value  the  fraction  approaches 
as  X  approaches  the  value  a.  Let  us  do  this.  Our 
fraction  becomes 

{aJr]if^  ^        2ali->rh^        _        2a  +  7i 
((j_l_/i)3_a3  -  QaVi  +  3ah^  +  h^       Sa''  +  3ah  +  h^' 

Here  we  can  see  at  once  that  by  making  h  small 
enough   w^e    can    get   our   fraction   as    near   as    we 

please  to  ——(i.e.  to  -- )  in  value:  and  we  therefore 
^  Sa^\  oay 

2 
conclude  that    -„—  is  the  value  when  h  is  0,  or  when 

X  is  equal  to  a.  But  a  little  consideration  will  show 
the  reader  that  this  process  corresponds  exactly 
to  that  for  obtaining  the  differential  coefficient  both 
of  the  numerator  and  denominator.  Hence,  he 
will   be   prepared   to  find   that    when    we   have   a 

fraction  of  the   form    -,  where    both   the   expres- 

F  2 
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sions    u    and  y  involve  x,  and  both  vanisli  for   a 

certain  value   of  x,  the  fraction  may    be  evaluated 

by  simply  writing  for  u  its   diflferential  coefficient 

dii  •  du 

-r-,  and  for  y  its  differential  coefficient  ~. 
dx  ^  dx 

Take,  for  instance,  the  expression 

X  -I 

x'-  V 

which  assumes  the  form  -g-  when  a;  =  1 .  Following 
the  rule,  we  write  for  a  new  numerator  the  differ- 
ential coefficient  of  cc— 1,  i.e.  1,  and  for  a  new 
denominator  the  differential  coefficient  of  x^  —  1, 
i.e.  Gx". 

Our  fraction  thus  becomes 

J_ 

which  has  the  value  ^  when  x  =  1. 

But  it  may  happen  that  the  new  fraction  thus 
formed  is  itself  a  vanishing  fraction.  In  this  case 
we  must  repeat  the  process  until  we  obtain  a  fraction 
which  is  not  indeterminate  in  form. 

Thus,  suppose  we  have  the  fraction 

a^  -  3a;^  -h  3a;*  -  Sa;^  +  3aj  -  1' 

which  is  of  the  form  -J  when  x  =  I.     We  apply  the 

rule,  getting 

S(x  -  ly 

6x'  -  15a;*  +  12a^  ^  6x  +  3' 
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whicli  is  still  of  the  form  -J.      Again  applying  the 
rule,  we  get 

3  .  2  .  (g;  -  1) 
30x'  -  6i)x^  +  36x^  -  6' 

whicli  is  still  of  the  form  §-.     Lastly,  applying  the 
rule  yet  once  more,  we  get 

3.2.1 
120^  -  180^2  ^  'j2x 

And  when  a;  =  1,  this  fraction  has  the  value 
6  6        1 


120  -  180  +  72       12      2 

Other  vanishing  fractions  may  be  similarly 
treated ;  and  this  application  of  the  differential 
calculus  thus  becomes  of  great  utility. 
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LESSON  XII. 

TANGENTS  TO  CURVES. 

I  PROPOSE  now  to  give  two  geometrical  illustrations 
of  a  differential  coefficient,  whicli,  when  their  nature 
is  rightly  understood,  and  especially  the  circumstance 
that  the  various  values  of  a  function  can  always  be 
expressed  by  means  of  a  curve,  will  be  found  of  gi'eat 
value  in  indicating  the  real  meaning  at  once  of 
differentiation  and  integration. 

Let  0,  Fig.  11,  be  the  origin,  OX  and  OY,  at  right 
angles  to  each  other,  the  axes  of  x  and  y. 


B 


D. 


a. 


M 


N 


Tia.  11. 

Then  the  x  we  have  been  dealing  with — our  inde- 
pendent variable — may  be  regarded  as  measured  along 
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OX ;  and  ?/,  tlie  dependent  variable,  along  OY.  So  that 
when  we  write  y  =f(x),  i.e.  y  is  such  and  such  a  func- 
tion of  X,  we  may  represent  any  values  of  x  by  OM,  ON 
along  OX,  calculate  the  resulting  values  of  //,  and  set 
up  corresponding  lines  MP,  NQ  parallel  to  OY.  If 
we  suppose  this  done  for  all  values  of  cc,  we  get  in 
every  case  a  curve  such  as  is  supposed  to  be  shown  in 
part  by  APQ,  the  ordinates  MP,  NQ,  &c.,  represent- 
ing the  values  of  y  corresponding  to  the  values  of  x 
represented  by  the  abscissas  OM,  ON,  &c.,  respectively. 
Supposing,  then,  that  when  x  =  OM,  y  =  MP, 
we  may  take  MN  to  represent  a  finite  increment  of  x 
or  AXj  and  get  NQ  for  the  corresponding  value  of  ;//. 
Draw  PL  parallel  to  OX,  cutting  ofFNL  =  PM  from 
QN,  this  new  value  of  y — that  is  from  y  +  Ay.  Then 
PL  =  Ax  and  QL  =  Ay.  And  what  we  have  repre- 
sented by 

Ay 

Ax 

is  the  ratio  QL  :  PL,  or  the  tangent  of  the  angle 
QPL,  when  PQ  is  a  secant  line.  If  now  we  imagine 
N  brought  nearer  and  nearer  to  PM,  it  is  manifest 
that  the  secant  line  PQ  draws  nearer  and  nearer  in 
position  to  the  tangent  line  PT,  and  the  ratio  QL  :  PL 
approaches  nearer  and  nearer  in  value  to  the  ratio 
TL  :  PL,  the  trigonometrical  tangent  of  the  angle 
which  the  geometrical  tangent  to  the  curve  APQ  at  P 
makes  with  the  axis  of  x.     Hence  the  differential 

coefficient  -^  represents  the  tangent  of  the  angle  TPTj, 
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Here  we  liave  at  once  an  illustration  of  the  geo- 
metrical meaning  of  a  differential  coefficient  and  a 
useful  application  of  the  differential  calculus.  The 
reader  of  elementary  treatises  on  plane  co-ordinate 
geometry  knows    how  important  a   process   is   the 

Y 


determination  of  the  equation  to  the  tangent  at  a. 
given  point  of  a  curve,  and  how  cumbrous  is  the 
method  which  has  to  be  employed  for  its  determina- 
tion by  elementary  methods.  With  the  differential 
calculus  the  process  is  simplicity  itself. 

Thus,  suppose  APQ  is  a  part  of  the  rectangular 
hyperbola  whose  equation  is 

xy  =  a2, 
and  that  we  require  the  equation  to  the  tangent  PT 
at  a  point  P,  whose    ordinates   are  OM  =  iCj   and 
PM  =  y^.     We  have 

_  a2     dif  _  __  rt2 
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whence 


taiiPTX  =  -rL 


x}' 


and  the  equation  to  PT  is,  therefore, 

y  -Vx  =,^^  =  ^y}_ 

or, 

x^y  +  y^x  =  2x^y^  =  2^2. 

Again,  the  equation  to  the  ellipse  with  origin  at 
centre  and  major  axis  as  axis  of  x,  is 

or, 

Wherefore  the  equation  to  the  tangent  at  a  point  a?,, 
7/j,  on  the  curve  is 

y  —  yi__'b        g?i      _  _  ^\ 
x  —  x^  a\^a^  —  x^^  a^2/i' 


a^y^y  +  Z^^a^  =  ^V,^  +  Z'^^i'^  =  ci-Z>^ 


I.e. 


2/i?/  4.  ^1^  _  1 
-.7  +  -p-  -  ^- 
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LESSON  XIII. 

AREAS     OF    CURVES. 

Next  take  the  following  illustration  of  a  differential 
coefficient,  whicli  is  in  many  respects  more  impor- 
tant still  than  that  last  considered. 


E  M 

Fig.  13. 


N 


Instead  of  taking  for  the  dependent  variable  the 
ordinate  of  a  curve,  take  the  area,  o-APM  (Fig.  13), 
measured  from  some  fixed  ordinate  A.a  to  the  ordinate 
PM  corresponding  to  the  varying  value  of  the  absciss 
OM  or  X, 


DIFFERENTIAL   CALCULUS.  75 

Putting  MN  =  Ax,  we  have,  if 

u  =  areaAPMa 
u  +  Au  =  area  AQNci 

Au  =  area  MPQ;N' 

Au  __  area  MPQIST 
'"'     Ax  MN 

=side7iNofarect.  mN  equal  to  MPQN. 

Now  manifestly  tlie  smaller  MN  is  taken  the 
nearer  is  the  rectangle  PN  in  area  to  MPQN ;  it  is 
not  merely  that  the  difference,  the  area  PQL  (PQ 
curved)  is  absolutely  less,  but  it  manifestly  bears  a 
constantly  diminishing  ratio  to  the  area  PN ;  until 
finally,  when  MN  is  taken  small  enough,  this  ratio 
will  be  a  vanishing  one.     Hence,  while 

Au         -vr 
Ax 


we  manifestly  have 


£=™=^' 


or  the  differential  coefficient  of  the  area  between  a 
curve,  the  axis  of  x,  a  fixed  ordinate,  and  the 
variable  ordinate,  is  this  last-named  ordinate.  Here 
the  language  and  notation  of  differentials  are,  I 
think,  simpler  and  more  natural  than  those  belong- 
ing to  the  method  of  coefficients.     We  should  say 
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simply  du  the  differential  of  the  area,  that  is  the 
small  increment  of  the  area,  is  equal  to  ydx^  that  is 
to  the  area  contained  by  y  and  dx  the  differential  of  x ; 
which  is  the  same  as  saying  that,  ultimatelj^,  the  area 
PQNM  =  rectangle  PN. 

But  now  notice  the  power  we  have  obtained  for 
determining  not  only  areas  of  surfaces  bounded  by 
curved  lines,  but  also  any  function  which  might  be 
symbolised  by  such  areas.  When  we  have  written 
of  any  such  area  as  APMa,  or  of  any  function  which 
may  be  represented  by  such  an  area,  the  relation 

du 

where  y  is  some  function  of  x,  we  can  tell  at  once 
what  u  is,  if  only  we  can  determine  what  function 
has  y  for  its  differential  coeflScient.  For  we  have 
seen  that  no  two  quantities  can  have  the  same 
differential  coefficient,  unless  either  they  are  equal  or 
differ  only  by  a  constant.  (Geometrically  this  is 
much  the  same  as  saying  that  no  other  area  but 
APMa  has  PM,  the  ordinate  of  the  curve  APQ,  for 
the  measure  of  its  rate  of  increase,  except  some  area,  as 
OBPM,  EDPM,  or  the  like,  differing  from  aAPM  by 
some  quantity  which  remains  constant  while  we  vary 
OM  and  with  it  PM.) 

Now,  although  determining  what  quantity  that 
is  which  has  some  given  function  for  its  differential 
coefficient  is  by  no  means  so  easy  or  so  sure  a  process 
as  differentiating,  yet  in   a  great  number  of  cases 
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this  process,  wliicli  is  called  integration^  can  be 
readily  managed ;  in  otliers  it  can  be  accomplished 
with  more  or  less  difficulty;  and  in  yet  others,  ap- 
proximations can  be  made  to  the  desired  integra- 
tion, and  the  result  we  require  can  be  determined 
with  all  necessary  approach  to  exactitude. 

The  notation  for  the  converse  process  to  differen- 
tiation, or  integration,  is  as  follows  : — ^When  we  have 
a  function  u  such  that 

du 

^  =  ^' 

we  express  the  same  relation  by  saying  that 


=  yjdx. 


To  be  more  precise  we  may  write 

u  =  \ydx  -f  a  constant, 

but  the  constant  is  in  reality  understood  in  the  other 
form  of  expression. 

A  geometrical  illustration  of  the  equation 

u  =  ydx, 
may  be  found  thus  : 

Let  APQ,  Fig.  14,  be  a  curve  as  before, 
OM  =  Xj  PM  =  y,Mn  =  Ax. 
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Then  the  area  AQNa  is  the  sum  of  a  number  of  small 


rectangles  like  Vn,  when  these  are  made  indefinitely- 
thin.     Now 

Vn  =  yAx. 

Therefore  the  statement 

area  (or  u)  =    i/dXj 

may  be  taken  to  mean  that  we  get  the  area  between 
AQ,  OX,  and  certain  boundary  ordinates,  by  sum- 
ming a  multitude  of  very  thin  rectangles  like  V)i 
between   the   corresponding  ordinates.     This   is  an 

indefinite  statement ;  and  ydx  is  called  an  indefi- 
nite integral.  When  we  take  definite  limiting 
ordinates  as  Aa,  QN,  corresponding  to  a;  =  Oa,  and 
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X  =  ON  (say  x  =  a  and  x  =  1)^  respectively),  we  get 
the  definite  area  AQNa  ;  and  we  write 

area  AQNa  =      ydx, 
wliicli  means  that  from  the  value  of  xiidx  when  h  is 


^jch 


written  for  x^  is  to  be  subtracted  the  value  when  a  is 
written  for  x^  to  give  the  area  of  the  space  between 
the  ordinates  corresponding  to  these  values. 

Be  it  noticed  that  what  we  have  here  said  about 
areas  applies  to  any  quantities  which  may  be  repre- 
sented by  areas,  and  therefore  practically  to  any 
quantities  whatsoever.  If  we  can  obtain  an  expression 
for  the  small  increment  of  any  quantity  ii  correspond- 
ing to  any  small  increment  of  the  variable,  and  can 
ascertain  by  any  process  what  quantity  that  is  which 
has  such  an  increment,  we  can  determine  u  by  the 
process  of  integration. 

Examples  will,  however,  best  show  the  value  of 
all  this. 
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LESSON  XIY. 

USE  OF  THE  INTEGRAL  CALCULUS. 

Here  are  a  few  simple  examples  of  tlie  application 
of  the  integral  calculus  as  explained  in  the  last 
lesson : — 

OPB  is  a  jparabola^  OX  its  axis,  the  equation  to 
the  parabola  being  y^  =  mx.  To  determine  the  area 
OBM,  when  OM  =  b, 

Y  . B 


M    X 


Draw  ordinates  PN,  Qn  close  together.  Let 
ON  =  Xj  Nn  =  Ax.  Rectangle  P?i  =  yAx.  Then, 
since  the  area  is  the  sum  of  all  such  rectangles  as  Vn 
between  OM  and  BM  when  they  are  made  indefinitely 
thin,  we  have 

area  OBM  =     ydx 

=      \^'mxdx, 
Jo 
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We  have  to  find  out  what  expression  that  is  whicli 
has  Vmaj  for  its  differential  coefficient.  We  may 
write  this  \/m.  x^ ;  and  we  know  that  in  differentiating 
X  raised  to  any  power,  the  index  sinks  by  unity 
and  appears  also  as  a  factor  in  the  differential 
coefficient.  Therefore  x^  must  be  the  differential 
coefficient  of  x^  multiplied  by  a  factor  which  is 
altered  into  unity  when  multiplied  by  ^ ;  that  is  to 
sa}^,  the  factor  must  be  |.     Hence 


Jv^' 


mx  dx  =  \/m.%x^  +  a  constant. 


(The  student  should  differentiate  this  expression  to 
make  sure  that  its  differential  coefficient  is  A^mx.) 
Giving   to  x    first   the  value    fe,    and  then   the 
value  Oj  we  find 

area  OBM  =1^^'  +  Q  -  (0  +  C)  =,^  ^ 
o  3 

or,  since  OM  =  Z>,  and  BM  =  ^mb', 

area  OBM  =  f  rect.  BO. 

Of  course,  there  is  no  occasion,  in  practice,  for  all 
that  has  been  here  written  out. 

Take  another  case,  to  show  how  such  problems 
are  dealt  with : — 

Required  the  volume  of  the  right  cone  produced 

G 
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Inj  the  revolution  of  the  right  triangle  OBM^  Fig.  16, 
around  OM :  OM  =  a,  BM  =  h. 


Kn.     M    X 

Pia.  16. 


6^' 


Put  OK  =  aj,  Kn  =  Ax.  TLen  tlie  volume  pro- 
duced by  tlie  revolution  of  the  rect.  Pn-  around 
OX  =  TT  (PK)2 .  Kn. 

=  7r(-j  x^Ax; 

.'.required  volume  =  — 2"    ^^^^• 

Now  obviously  the  expression  of  which  x"^  is 
the  differential  coefiScient  is  ^ic^  +  const.  (Differen- 
tiate and  see.)     Hence 

volume  of  cone  =  -jr— r  .a^  —  -  Trah^, 
oa^  o 

Suppose  the  following  problem  set : — 

In  the  cone  last  considered  the  density  of  successive 
thin  circles  such  as  the  one  formed  hy  the  revolution  of 
Pn  varies  as  the  square  of  OK;  required  the  mass 
of  the  cone  formed  by  the  revolution  of  OBM. 


DIFFERENTIAL  CALCULUS.  83 

Proceeding  as  before,  we  find  tlie  mass  produced 
by  the  revolution  of  Pn  around  OX 


"(-.)■"'- 


X  X  px^, 


wbere  p  is  the  density  at  a  unit  of  distance  from  0 
along  OX.     Hence  in  this  case 

Mass  req.  =  ttI  -  J  p\  x^dx  =  ^/^i  J  a^  =  ^  it  pa?  V^. 

These  examples  are  only  intended  to  give  an 
idea  of  the  use  of  integration ;  in  more  advanced 
study  the  student  will  recognise  the  principles  by 
which  areas,  volumes,  masses,  lengths,  and  arcs,  &c., 
are  determined.  Let  it  suffice,  in  this  preliminary 
view,  to  note  how  problems  which,  dealt  with  geo- 
metrically, would  require  more  or  less  skill  or 
artifice,  can  be  dealt  with  easily  and  systematically 
by  integration. 


g2 
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LESSON  XV. 

DIRECT  INTEGRATION. 

We  have  next  to  consider  the  various  methods 
available  for  integrating  the  different  expressions 
which  come  before  us  when  we  apply  the  methods 
of  the  integral  calculus. 

First,  some  expressions  can  be  integi^ated  at 
once,  because  they  have  been  already  obtained  as 
the  differential  coefficients  of  known  functions.  For 
these  the  following  table,  which  gives  all  the  differen- 
tial coefficients  of  simple  functions,  will  be  found 
useful,  and  should  always  be  held  in  the  student's 
remembrance.     We  write 

-—  (function  of  x) 
cue 

for  the  differential  coefficient  of  the  function  with 


respect  to  x. 

Since 

Differential  Coefficient 

Deduced  Integral 

|^(^)  =  «.»-.  ; 

^(.o«^)  =  ^ 

■'^  =  ^0,^ 

£:('°««»=)=^log>' 

—  =  log,aAogjx  =  \os,x 

X 
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(.)=.,  Y'- 


dx 


dx^    '  °'   '  \o^,a 


v 


a^ 


'Oe- 


—  (sin  x)  =  cos  X ;  cos  xdx  =  sin  a; 

--p  (cos  a?)  =  —  sin  a; ;  sin  cc  c^a;  =  —  cos  a; 

d  ,.        \         1  C  dx         , 
^  (tan  x)  =  — 5-  j  — 5-  =  tan  :c 

dx  cos^a;  Jcos'^a? 

—  (cota;)= ^^— ;  ^^=— cota: 

cia;^  sm-^a;  Jsm-'a; 


d  ,        \        sinaj  fsina;c?a; 

"  ^ —  =  secx 


d  f        \        sinaj  {\ 
--(secaj)= — 5-; 

rf^^  cos^a;  J 

X  ,  \  cosaj  rcosa;«/aj 

_(coseca;)  = .^ — ;         ""^"i — =  — 

c/a;^  sm^aj  J   sm^a; 

—  /"sin"^  -"^  =     -  •  [       ^— 

(/aj\         a/       s/a^—x^'  J  s/a^  — 


=  —  cosec  aj 


sin  ^- 


cos  ^-   =—  -===.       -— -r=-=— cos  1-- 

</aj\  a/  s/a^—x-'  J  s/a^  —  x^  a 

d  (,     -ix\  a  C    dx  1  J.     -1  ^ 

—  tan  1-   =—- — -  •  — - — -,  =  -tan  ^- 
dx\          a)      a^  +  x'^  ja^  -\-x^      a  a 

d  (     ,-iX\  a  C    dx  1      , _i X 

cot  ^-   =  —   ^  ,        •  — - — -  =  — _cot^- 

dx  \  a)  a-  ■\-x^  J  a^  +  x^  a  a 

d  [        ^x\  a  f        dx  1  X 

—  sec-^-   =  —===-•  =-sec  ^- 
dx\          a)      Xs/x^—a^  ixs/x^  —  a^      a  a 

d  (  _i\  a  {        dx  1  .X 

--    cosec  M  = ^-^r^ —  =— =  =  —  -  cosec  '  - 

dx\  1         xVx^  —  a'^'Jx-s/x^—a'^  cl  a 
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The  last  six  relations  are,  of  course,  reducible  to 
three  only,  so  far  as  integration  is  concerned.      For, 

since  sin~^ — y  cos~^-  =  tan~^-  +  cot"^- 
a  a  a  a 

=  sec  -^  -  +  cosec  ^  -  =  -- , 
a  a       2 

it  is  manifest  that  the  second  values  given  respect- 
ively to 

r    c?a;      r   dx        ,  r     dx 

differ  from  the  first  only  by  a  constant,  to  wit,  -^  in 

the  first  of  the  three  cases,  and  ^  in  the  other  three 
cases. 
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LESSON  XYI. 

INTEGRATION  BY  SUBSTITUTION. 

It  is  sometimes  found  tliat  an  expression  wMcli 
cannot  be  integrated  as  it  stands  may  be  integrated 
by  changing  the  variable.  The  best  way  of  making 
clear  the  rules  for  doing  this  will  be  by  considering  a 
simple  geometrical  example. 


B 


i^- 


K 


Pig.  17. 


M      X 


Suppose  we  want  to  determine  the  area  APBMa, 
rig.  17,  which,  as  we  have  seen,  is  represented  by 


f  2/^. 
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(Suppositions  the  same  as  before.)  Then  drawing 
Ad,  BL,  perpendicular  to  OY,  we  might  find  it 
convenient  to  regard  y  as  the  dependent  variable, 
passing  from  Od  to  OL,  instead  of  taking  x  from 
Oa  to  OM.  As  before,  we  should  get  for  our  element 
of  area  Pti  ;  where  Nn  is  Ax,  a  small  increment  of 
X.  We  can,  however,  as  readily  use  IK,  or  A]/,  the 
corresponding  increment  of  y.     For  we  have 

Nn  =  PA;  =  — J^ .  ah  = A  y. 

qk  ziy 


That  is 


rect.  Pti  =  PN  .  Vh  =  y^^ .  Ay ; 

^  Ay        •^' 


or  ultimately  when   Ax,  Ay  are  made  indefinitely 
small, 

and  taking  y  from  Od(=  a^  suppose)  to  OL  (=  h^ 
suppose)  we  have 


areaABMa       .    ,  , 

dy 

In  any  such  case,  when  we   have  to  integrate 

the   expression        udx,  between    x  =  a    and  x  =  h, 

where  u  is  some  function  of  x,  we  may  regard  x  as  a 
function  of  some  new  variable  y,  if  only  by  changing 
y  between  certain  limits  aj  and  h^   we  get  all  the 
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values  of  u  which  it  would  receive  when  we  chiinged 
X  between  a  and  h.     We  have  then 

udx  =  u~-  .  dy  and      udx  =      u-—- .  dy, 
dy  ja  Ja,  dy 

and  the  work  of  integration  is  reduced  to  that  of 
integrating  the  indefinite  integral 

[  dx     -J  'f 

Suppose,  for  example,  we  had  to  integrate 
r        dx 

ixVx'^  —  a^ 

Let  us  try  the  experiment  of  putting  ^^'-  -  '^''■^ 

1 

X  =  -. 

V 
Then  ^'  ^.    -  ^    ,j,, 

^~      2/'^^   Jx^/^'^^^~'  JVT^^^A~yy  ^ 
r       dy  1  r         dy 

1    .    _i  1    .      -.a 

a  ax 

Again,  take 

Jdx 
xV2ax  —  a^' 
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Here  noting  that  tlie  denominator  may  be  written 

xs/x^  —  (x  —  a)\ 
we  are  led  to  try  putting 
X  ^  a 


=  2, 


X 


whicli   will   obviously   simplify    tlie    radical.      This 

gives 

-,        a  _  _      a        dx  __        a        _a? 

-  ._  z,  ora;  _  J-— ;  -  -  ^^— -^^  -  -  ; 

and 

^ ^—  =  1  —  2^ 

^/2ax  —  x^  =  x^/^~^^ ; 

fdx  _r         1         dx    _,    _lC      dz 

x^/2ax  —  x^      ]xW\  —z^  dz'      ~  ^J  v^l  —  2'^ 

1    .  _i         1    .  _iir  —  <x 
=  -  sm  ^z  =  - sm  -^ 


i.e. 


a 


This  method  of  integration  by  substitution  is 
usually  tentative — several  substitutions  may  be  tried 
before  one  is  hit  upon  which  gives  an  integrable 
expression. 
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LESSON  XYIl. 

INTEGRATION  BY  PARTS. 

Another  method  (also  tentative)  is  available  wlien 
we  are  endeavouring  to  integrate  an  expression. 

Supposing  we  liad  to  obtain  the  area  ABMa. 
(Fig.  17,  p.  87.)  We  might  in  some  cases  find 
it  more  convenient  to  determine,  instead,  the  area 
ABL<i,  which  gives  us  what  we  are  seeking,  because 

area  ABMa  =  rect.  LM  —  rect.  da  —  area  ABLc^. 

If  we  regard  ON,  PN  (or  PK,  PN),  the  ordinates 
of  P,  as  functions  x  and  y  of  some  third  variable  ^, 
then  we  have 

rect.  KN  =  xy  =  u,  say  ; 

and  if  we  increase  thj  At  so  that  x  becomes  On  or 
x+ Ax,  and  y  becomes  01  or  y+ Ay,  we  have: 
increase  of  rect.  E^  ultimately 

=  rect.  Vn  +  rect.  ZP ; 
that  is, 

A(xy)  =  yAx  +  xAy 

Ax .  ,  ,     Av .  , 
=  y---At  +  X'-JAt, 
At  At 
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whence,  making  At  indefinitely  small, 

dt'       -^dt         dp 
or 

(This  really  corresponds  only  to  saying  that  in  pass- 
ing from  P  to  B,  the  increment  of  rect.  KN,  namely 
the  gnomon  LPM,.  is  equal  to  the  sum  of  the  in- 
crements of  the  areas  APNa  and  APKd.) 
Wherefore 

\x^^dt  =  xy-\ypt. 
Thus  if  an  integral  can  be  written  in  the  form 

where  x  and  y  are  both  functions  of  t,  we  may  sub- 
stitute for  the  inteorral  so  written 


an,-J2/|& 


This  is  equivalent  to  finding  the    area   ABLc?,  in- 
stead of  the  area  ABMa. 

As  an  example  consider  the  integral 

log  X  dx. 
This  may  be  written 

Jg.loga;^.. 
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Hence  by  the  formula  just  obtained  we  have 

log  xdx^^x  log  .-Tj—  he .  -  dx 
=.x\o^x  —  x. 

When  the  student  tries  the  method  of  integrating 
by  parts,  he  will  often  find  that  though  he  cannot  at 
once  integrate  the  modified  expression,  he  has  made 
a  measurable  advance  towards  a  directly  integrable 
form.  In  such  cases  he  may  see  his  way  to  a  further 
advance  on  repeating  the  integration  by  parts,  and 
eventually  to  complete  integration.  Such  a  process 
is  called  integration  by  reduction. 

The  student  will  also  note  early  that  many  func- 
tions which  can  be  resolved  into  partial  fractions  may 
be  directly  integrated  in  that  form. 

In  more  advanced  treatises  on  the  differential  and 
integral  calculus  these  methods  are  described  in 
detail. 
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LESSON  XVIII. 

USEFUL     INTEGRALS. 

I  PROPOSE  now  to  consider  certain  useful  integrals 
which  may  be  obtained  by  the  processes  already 
described.  I  shall  treat  them  in  a  rather  novel 
manner,  though  there  will  be  nothing  new  in  the 
matter  presented. 

B 


Fig.  18.— Area  op  a  Circular  Sector. 

Let  AB  (Fig.  18)  be  a  circular  arc  round  the 
centre  0,  and  let  it  be  required  to  determine  the 
area  of  the  sector  AOB,  where  AO  =  r  and 
L  AOB  =  a. 

Let  PQ  be   a    small    element  of  the   arc  AB. 
LetZ.AOP  =  ^;   Z.QOP  =  A^. 
Then  if  QP  be  joined, 
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tlie  triangle  QOP  =  OP  .  OQ  sin  QOP 

=  ^  sin  A  e. 

And  wlien  A^  becomes  dO^  or  is  made  indefi- 
nitely small, 

sin  A^  =  A^,  and  the  triangle  QOP  =±de. 

Hence,  since  tlie  area  AOB  is  manifestly  equal  in 
the  limit  to  the  sum  of  all  such  triangles  as  QOP 
in  the  sector,  when  their  number  becomes  infinite, 
we  have 


de  =  -\  dd. 


'o 


Sector  AOB  =  \ 
Now  we  know  that 

dd  =  e  ^  0, 

where  0  is  some  constant  (which  need  not  trouble 
us).     Therefore — 


Sector  AOB  =  '-'  (^^  +  C  -0  +  c)  = 


.2   /  N  ,,2 


That  is,  the  area  of  a  sector  is  represented  numeri- 
cally by  half  the  product  of  the  numbers  represent- 
ing r  the  length  of  the  radius,  and  r  a  the  length  of 
the  circular  arc. 

Observe  that  we  learn  nothing  new  from  this 
application  of  the  integral  calculus.  It  does  not 
tell  us  wh^t  the  length  of  the  arc  is  ;  nor  is  any- 
thing derived  from  the  calculus  in  the  recognition 
of  the  relation  between  the  area  on  the  one  hand 
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and  the  arc  and  radius  on  the  other.  When  we 
take  a  =  2  TT  so  as  to  get  the  whole  circle,  we  find 
that  the  area  of  the  circle  is  represented  by  the 
product  of  the  radius  and  the  circumference.*  But 
our  process  has  not  squared  the  circle  for  us  ;  for 
it  has  not  shown  the  length  of  the  circumference, 
or  of  the  arc  AB  in  the  particular  case  dealt 
with. 

It   is  only    because   we    Ixnow   the    lengths    of 
circular  arcs  that  our  result  is  really  a  determination 
of  the  area  of  the  sector. 
A 


M  N 
Fig,  19. 

'  I  write  thus  for  shortness.  As  a  matter  of  fact,  an  area 
can  no  more  be  represented  by  the  product  of  two  lengths 
than  a  period  of  time  can  be  represented  by  a  number 
of  acres,  or  the  content  of  a  solid  by  a  number  of  hours. 
Such  an  expression  as  the  above  means  only  that,  certain 
units  being  taken,  the  relation  indicated  exists  between  the 
numbers  mentiorjed.  Thus,  if  we  say  that  the  area  of  a  rectangle 
is  represented  by  the  product  of  its  sides,  we  mean  really  that  if 
a  square  on  the  unit  of  length  is  taken  as  the  unit  of  area,  then 
the  area  of  a  rectangle  is  represented  numerically  by  the  product 
of  the  numbers  representing  the  lengths  of  two  adjacent  sides. 
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Suppose,  now,  we  wish  to  determine  by  means 
of  the  integral  calculus  the  area  OABK  (Fig.  19), 
where  ABL  is  a  quadrant. 

We  have  already  determined  the  area  in  what 
precedes ;  for,  joining  OB,  we  know  the  area  of 
the  sector  AOB,  and  adding  thereto  the  triangle 
OBK,  we  have  the  total  area  OABK. 

Thus  if  radius  OA  =  a,  OK  =  x^^  then 

BK  =  V^'  -  ^i' ; 

and  arc  AB  =  a  sin~^  l'^\ . 

Hence,  area  OABK  =  triangle  OBK  +  sect.  AOB 


2  2  \ay 

But  suppose  we  wish  to  determine  the  area 
OABK  independently,  by  the  summation  of  such 
rectangular  strips  as  QM,  made  in  the  limit  indefi- 
nitely narrow. 

We  put  OM  =  X,  MN  =  Ax,     Thus  we  have 

Kect.  QM  =  V*^  —  ^^  ^^ ;  and  area  OABK 
=  sum  of  all  such  rectangles  made  infinite  in 
number,  and  so  taken  indefinitely  thin,  between 
OA  where  x  =  0,  and  BK  where  x  =  x^. 

Thus  area  OABK  =  P^a^  —  a;^  ^^ 
Jo 

Now,  to  integrate 


Va2  -  £c2  dx, 
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we  may  try  the  metliod  of  integration  by  parts, 
noticing  that  unity  is  the  differential  coefficient  of  x 
with  respect  to  x.     Thus 

Wa'^  —  x^d.x  =  Vt-^o}  —  x^  dx 

X  j-y<t'  —  x'  dx 
=  x.JlF^^  +  \^lt=.  (1) 

jya^  —  x^ 
But  here  we  notice  that 

x^  x^  —  a^  ■}■  a' 


\^a'^  —  a;^  \/a'^ 


=  -y'a2-cc-2  + 


So  that 

the  first  part  of  which,  when  written  in  equation  1, 
will  clearly  give  us  what  can  be  conveniently  taken 
over  to  the  other  side  with  a  positive  sign,  while  the 
other  part  is  in  our  table  of  known  integrals  at 
p.  85.  Thus,  substituting  in  (1)  from  (2)  and 
transposing,  we  get 

2    a/ci^  —  U/2  dx  =  xJa}  ^x^  +  oA    .        == 
J  J  y  a'^  —  x^ 

=  X  ^0?  —  x^  4-  a-  sin"^ '-  > 


or 


s/o?  —x^dx=  —^ — ^ +  o  '^^^^     ~  • 
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Putting  0  for  x  in  tliis,  we  get  0  ;  so  that 


Jo  2  2  a 

This,  therefore,  is  the  required  area  OABK. 

Eemembering  that  this  area  OABK  can  be 
divided  into  the  triangle  OBK  and  the  sector  AOB, 
we  have  a  ready  means  of  rememhering  as  well  as  of 
interpreimg  the  important  relation 

J  a/-  —  x^  <^^x  =  —^ +  77  sm^  -• 

We  have  given  the  solution  for  this  integral  much 
as  it  might  be  found  out  by  one  seeking  it  without  a 
knowledge  of  the  book  method.  Having  found  it, 
we  can  conveniently  write  the  solution  thus  : 

Also 


J  iVa'^x''  Wa^-x''     iVa^-c 

.*.  adding 

J  Jya'^  —  x^ 


\/c\}  —  X?  dx 


Wa^  —  X?   ,    a'-^   .      .x 

+   -sin~^_. 

2  2  a 


But  the  student  who  really  wants  to  understand 
what  he  is  doing  should  work  out  such  results  in 
some  such  way  as  he  would  in  actual  practice,  not 
follow  simply  the  conveniently  abridged  methods 
which  are  formed  after  a  result  has  been  obtained. 

H   2 
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LESSON  XIX. 

ELLIPTIC  AND   HYPERBOLIC  INTEGRALS. 

The  study  of  the  integral  dealt  with  in  our  last, 
in  its  relation  to  the  area  of  circular  sections 
(whether  sector,  segment,  or  otherwise),  leads  natu- 
rally to  the  discussion  of  the  areas  of  other  conic 
sections. 

The  ellipse,  however,  requires  no  new  application 

of  the  integral  calculus.     Thus,  if  BQA,  Fig.  20,  is  a 

right  elliptical  quadrant,  C  the  centre  of  the  ellipse, 

b 


and  the  semi-axes  CA  and  BC  are  a  and  h  respec- 
tively, we  know  that,  putting  CL  =  a;  and  PL  =  //, 


=  g(«^--o, 


i2  _- 
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and  the  area,  of  the  elementary  rectangle  QL 

=  ydx  =  -  Va^  -  x^  dx. 
a 

So  that  the  area  CBKN,  in  which  CN  =  x^^ 


ajo 


x^  dx 


al  2  2  a J 

=  -  area  ChW, 
a 

When  we  turn  to  the  hyperbola,  however,  we 
find  ourselves  led  to  a  new  integral,  and  a  new 
application  of  the  integral  calculus.  (In  passing, 
I  w^sh  the  reader  to  notice  that  my  chief  object 
in  going  over  thus  the  discussion  of  the  simpler 
integrals,  and  those  more  commonly  employed,  is  to 
associate  this  part  of  the  student's  reading  with  the 
actual  application  of  the  calculus.) 

If  KPAE,  Fig.  21,  is  part  of  a  rectangular  hyper- 
bola, A  the  vertex,  0  the  centre,  and  CZ,  CZ'  the 
asymptotes ;  and  if  CL  =  cc,  PL  =  y,  we  know  that 

7/2  =   a;2  _   g2 

(where  C  A  =  a)  and  taking  an  ordinate  KN,  we  have 
the  area  of  an  elementary  rectangle  PM 


=  ydx  ■=f>Jx^  —  a^  dx, 
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SO  that  tlie  area  AKN,  in  wbich  CN  =  a;,, 

to  determine  which  we  must  integrate 

not  as  yet  among  the  quantities  whose  integral  is 
known  to  us.     Before  trying  to  do  this,  let  us  con- 


Fia.  21. 


sider  the  conjugate  hyperbola  AT'Q'.  Here,  com- 
pleting the  construction  shown  in  the  figure  we 
have,  if  P'L  —  y, 

1/  =  x^  -\-  (/2, 
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and  tke  elementary  rectangle 

P'M  =  \/x'  +  aP-  dx ; 
so  tliat  tlie  area  CA'K'N,  in  wliich  CN  =  x^ 

involving  also  a  new  integral,  but  nearer  in  form 
(note  the  limits  of  the  integration)  to  what  we  ob- 
tained in  the  case  of  the  circle  and  the  ellipse. 

We  still  refrain  from  the  work  of  integration 
because  we  know  from  a  familiar  proj)erty  of  the 
hyperbola  that  there  is  yet  another  way  of  dealing 
with  the  curve  which  will  probably  give  us  the  area 
more  readily,  and  therefore  show  us  how  to  integrate 

^x^  —  a^  dx  and  Vx^  -\-  a^  dx 

without  our  being  at  the  pains  to  deal  directly  with 
these  after  any  of  the  tentative  methods  yet  de- 
scribed. 

Take  the  rectangular  hyperbola  RAK,  Fig.  22, 
with  CZ  and  CZ',  the  asymptotes,  for  the  axes  of 
reference.  Draw  CAS,  the  axis,  and  AG,  PL,  QM 
(near  to  PL),  KN,  all  perpendicular  to  CZ. 

Then  CA  =  a  and  CGr  =  V2a  =  a^  (for  con- 
venience).       Also,   let   CL  =  X,  CM  =  x  +  dx,^ 

*  We  do  not  any  longer  write  Aa?  and  afterwards  change  to  dx^ 
but  the  reader  will,  of  course,  understand  that  dx  is  not  really  a 
finite  increment,  like  LM,  but  is  what  this  increment  becomes  as 
QM,  in  its  approach  to  PL,  is  just  about  to  merge  into  PL. 
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CN  =  x^  (to  distinguish  from  the  ic,  of  our  former 
inquiry).     Then,  if  PL  =  ?/,  we  know  that,  drawing 


PL'    and     AG'    perpendicular    to    CZ',    rectangle 
L'L  =  square  GG^  =  a^ ;  i.e. 

n2 


Hence 


a^2/  =  o 


^       2x 


Thus,  the  elementary  rect.  QL  =  ^  dx, 

2x 

and  the  area  GAKN 

a"^  T       Xo 
=  2   ^°«  a; 

Kow  draw  KN'  perpendicular  to  CAS,  and  put 
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CN'  =  x^.  Also  join  CK.  Then  we  note  that 
A  CNK  =  A  CGA ;  so  that,  taking  each  in  succession 
from  the  area  CAKN,  we  have,  area  CAK  =  area 
AGNK  (which  we  have  just  determined). 

Now  area  APKN' =  aCN^v  -  area  CAK; 
therefore  we  now  have  the  area  APKN'  in  the  toils, 
ror 


ACN'K  =  ICW  .  N'K  =  ix,Vx\  -  a2 
Area  CAK  =  area  GAKN  =  -  log  -^-. 

But  if  we  draw  NKti',  N'Kti,  as  in  the  figure,  we 
know  that 

CN  =  Nti'  =  %. 
V2 

So  that 

CN        Cn'         Cn'      CN'  +  NV 


CG      a/2CG       CA  a 

CN'  +  N'K      X,  +  V^ 


Wherefore,  area  APKN' 

In  the  next  lesson    I    shall    show  how  we  have 
thus  ascertained  the  integral  of  both 


a/x^  —  d^  and  a^x^  -f  a? 
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LESSON  XX. 

SUBSIDIARY  INTEGRALS. 

In  our  last  we  found  the  area  we  first  set  out  to 
find— viz.  APKN  (in  Fig.  23)— by  an  application  of 


FiO. 23. 

the  integral  calculus ;  though  we  should  have  failed 
if  we  had  not  known  that 


jf.i.g., 
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and  therefore  if  we  liad  not  first  had  the  particular 
function  called  a  logarithm  invented  for  us,  and  its 
qualities,  value,  and  so  forth,  ascertained. 

But  we  want  also,   now,  to   learn  what  is  the 


integral  of  Vx^  —  o-^  dx.  We  can  form  a  pretty- 
shrewd  guess  from  the  value  we  have  already  ob- 
tained for  the  area  APKN'  (Fig.  24).  If  we  write  x 
for  x^  in  that  expression,  and  differentiate  with  re- 
spect to  Xj  we  find  that  that  expression  is  the 
integral  we  want.  However,  it  is  better  to  work  it 
out  properly.  And  noting  its  resemblance  in  form 
to  the  integral  of  ^/a^  —  x^  we  are  led  naturally  to 
deal  with  it  in  the. same  way.  It  would,  in  fact,  be 
obviously  the  correct  thing  at  this  stage  to  see  if  the 
short  method  given  for  finding  that  integral  may  not 
be  applied  directly  to  this  one.  Let  us  see.  Inte- 
grating by  parts 

\/x^-a^  dx  =  xVx"  -  a2  -     -,  ^ 
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Also 

J        ^  J  Vic^-a^      JVa;'^-a2     i^x'-a^ 

.*.  adding, 

2  f -/^^^T^  dx  =  xV^^^^T^  -  f  ,t'^^   ,    (1) 

Here  we  find  ourselves  stopped  for  want  of  know- 
ledge as  to  the  integral  of 

dx 
VS^  -  a^' 

In  the  other  case  we  had,  instead, 
dx 

and  we  knew  the  integral  of  this  to  be 

but  we  have  not  yet  determined  the  integral  of 

dx 

How  shall  we  set  to  work  to  find  it  ?  Manifestly 
our  proper  course  is  to  take  advantage  of  what  we 
have  already  learned — viz.  that  the  part  of  the 
integral  we  yet  have  to  find  involves 

X  +  V^^  -  <-^^' 
This  suggests  our  adopting  the  method  of  substitu- 
tion and  putting 

X  +  \^x^  —  a^  =  2f^ 
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that  is 

Va;^  —  a^  ==  z  —  x» 
Then 

x^  —  a^  =■  z"^  —  2xz  -{•  x'^;  or  2xz  —  z^  =  a\ 
Whence,  differentiating  ^xz-^-x^  with  respect  to  Zy 


or 


Hence  we  have 

fdx        _  f     1        dx      -J  _[dz 
^x^  —  a?       jz  —  x'  dz  '  ]  z 

=  log  z  =  log  (x  +  Vaj^  —  a^), 

and  thus  we  are  able  to  complete  the  desired  inte- 
gration of  (1),  and  obtain 


dz 

2z  = 

=  0, 

dx 

z  — 

X 

dz 

z 

r X\/X    "~~  CL  Cb  ^^^^— — 

Wx^  —  a^  dx=  2 "~  2  ^^^  (x  +  ^/x^-'a\ 


It  will  be  found  that 


V^^T^'  ^""^  '^'^'  +  "' 


may  be  similarly  integrated,  with  the  results  indicated 
on  the  next  page. 
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SUBSIDIARY  IJSTEGRALS  (continued). 

Collecting  the  results  we  have  obtained  in  the  last 
two  lessons,  so  far  as  they  add  to  the  number  of  our 
known  integrals,  we  have 


iL  z  a, 


1 

Jvi^^^^cte  =  ^v^EZ  _  J  log  (c.  +  vF=i?) 
Jv^M^=6to  =  '"^''^- "'  + 1  log  {x + v'sqr^^) 

These  results  should  be  committed  to  memory, 
because  these  logarithms  are  of  frequent  occurrence. 
As  for  the  first,  it  is  easily  remembered  from  the 
relation  which,  as  already  pointed  out,  it  bears  to  a 
circular  area.  The  next  two  are  similarly  related  to 
the  areas  APKN  and  CA'K'N  in  Fig.  22.  Also,  if 
AK,  AK'  be  joined,  it  will  be  seen  how  the  first 
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part  of  the  one  represents  the  triangle  CKN,  wliile 
the  first  part  of  the  other  represents  the  triangle 
CK'N — the  logarithmic  parts  representing  respectively 
the  areas  APKO  and  AT'K'C.  These  areas,  then, 
are  represented  by  the  fourth  and  fifth  of  the  above 
tabulated  integrals. 

It  seems  natural  to  inquire  whether  the  curved 
surfaces,  ACK,  A'OK',  Fig.  2o,  can  be  so  readily 
shown  to  be  represented  by  the  fourth  and  fifth  inte- 
grals, that  a  convenient  aid  to  the  memory  may  be 
obtained  from  the  relation.  We  shall  not  find  this 
to  be  the  case ;  but  we  shall  be  led  in  the  course  of 
the  inquiry  to  notice  a  few  more  integrals  important 
enough  to  be  added  to  those  we  have  already  obtained. 

Obviously,  the  only  way  to  get  the  areas  ACK 
and  A'CK^  is  to  proceed  by  polar  formula3.  Thus, 
let  APQK,  Fig.  25,  be  part  of  a  rectangular  hyperbola, 
C  the  centre,  CA  the  axis.  Then  we  know '  that 
if  CP  =  r,  and  ACP  =  0 


coa^e  -aiii'O      cos  2  (9* 
Now,  if  PCQ  =  dO^  we  have. 


elementary  area  PCQ  =  -  d6  = 


2  2  cos  2(9' 

1  We  give,  in  fact,  the  well-known  polar  equation  of  the 
rectangular  hyperbola;  but  it  can  be  deduced  at  once  from 
the  relation  already  given,  y-  =  x'^  —  a"^,  by  putting  y  =  rsin0, 
and  X  =  r  cos  d. 
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and  if  KCA  =  a,  we  have 
area 
Thus  to  integrate 


A  PKO  -  ^'  r  ^^ 


dO 


^rT^and   — 

cos  2^         J  SI 


IS  our  next  care. 


Take  the  second  first,  as  more  likely  to  be  easy. 
We  have 

f  dd   ^  f      de      ^  r  cos  Ode 

J  sin  2^  ~J2  sin  ^  cos  ^      h  sin  0  cos^  6 


Whence  we  obtain 


I 


d6 
cos  2^ 
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very  easily  :  for 

Fnte  =  -  -  6;  so  that  ^  =  -1. 
4  d(j) 

Then 

C    de     _r     1  dO_    j.__{    defy 

Jcos26>      Jsm2</>  ■  (^</)* ''^""     ]sm2cf> 

=  -  2  log  tan  </>  =  -  2  ^^g"  ^^^^  (^  ~  ^) 

Hence  area  APKC,  Fig.  25, 

=  ^^[logcot(^--~a)]     (-.-logcotl^o) 

=  f-  log  cot  KCN 

=   _  losf  or  =  —  losr  

4      ^  UiN  .iMv  4      "^      (iNK)"-^ 

.=  -J  log  (^^  or  =  -'  log  (^!l^ 

a^       CN  a',       AG 

=  2  ^°"  CG  °'"  =  2  '°^  NK- 

We  have  seen  already  that  AQKC,  Fig.  25, 
=  GAKN.  Hence  the  result  just  obtained  shows 
that  we  may  write — 

Area  GAKN  =  —  log  -  •     or  =  —  log  -1 

2  «i  2  ^j 

I 
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(putting  NK  =  y, ).  This  is,  of  course,  obvious, 
since  aj  =  x^  j/j,  that  is, 

a,      Xy 

But  it  is  convenient  to  note  the  two  forms. 
Putting 

TT 

or  carrvinor  the  radius  vector  on  to  coincidence  with 
the  asymptote  CZ,  we  find  that  the  area  between 
the  asymptote,  the  semi-axis  CA,  and  the  curve 
AQK  to  infinity 

=  -—  log  (cot  0)  =  infinity. 

"We  may  here  add  to  our  list  of  known  integrals 
these : — 

\- — ^=lo2ftan-;     and  ^  =  W  cotf^  — -  ) 

J  sin  6/         ^        2'  Jcos6>  "=        Vd.      2/ 

lsiS-^  =  2-  ^^°  '^^  ^ '  H-5-^=  I ''°  '''  &-^) 

f^=llogtanf ;  andf-i^=l  log  cot  (^-!^) 
J  sin  71^     n    ^        2'        Jcosn^     n     "^        \4       2  J; 

making  twenty-five  integrals  in  all — with  those 
already  tabulated.  Knowing  these,  the  student  can 
deal  with  a  wide  range  of  problems  depending  on 
integration. 


Spottiswoode  &  Co.  Piinters,  New-street  ,'^quare,  London. 


WOEKS  BY  E.  A.  PEOCTOE, 


The   ORBS   ABOUND   US ;   a  Series  of  Essays  on  the 

Moon  and  Planets,  Meteors  and  Comets,  the  Sun  and  Coloured  Pairs  of  Suns. 
With  Chart  and  Diagrams.    Crown  8vo.  os. 

OTHER  WORLDS  than  OURS  ;  the  Plurality  of  Worlds 

StU'iied  under  the  Light  of  Recent  Scientific  Researches.  With  14  Illus- 
trations.   Crown  8vo.  5*. 

The  MOON  :  her  Motions,  Aspects,  Scenery,  and  Physical 

C'indition.  With  Plates,  Charts,  Wooicuts,  and  Lunar  Photographs.  Crown 
8vo.  6s. 

UNIVERSE  of  STARS;  presenting  Researches  into  and 

New  Views  respecting  the  Constitution  of  the  Heavens.  With  22  Charts 
and  22  Diagrams.    8vo.  lOs.  6d. 

LIGHT    SCIENCE   for   LEISURE    HOURS;   Familiar 

Essays  on  Scientific  Subjects,  Natural  Phenomena,  &c.  a  vols.  Crown  8vo. 
5s.  each. 

CHANCE  and  LUCK  :  a  Discussion  of  the  Laws  of  Luck, 

Coincidence,  Wagers,  Lotteries,  and  the  Fallacies  of  Gambling;  with  Notes 
on  Poker  and  Martingales  (or  Sure  (?)  Gatubling  Systems).    Crown  8vo.  bs. 

LARGER    STAR    ATLAS   for  the   Lihrary,   in   Twelve 

Circular  Maps,  with  Introduction  and  2  Index  Plates.  Folio,  15j.  or  Maps 
only,  l'2s.  Gd. 

NEW  STAR  ATLAS  for  the  Library,  the   School,  and 

the  Observatory,  in  12  Circular  Maps  (with  2  Index  Plates).    Crown  8vo.  5s. 

TRANSITS  of  VENUS  ;  a  Popular  Account  of  Past  and 

Coming  Transits,  from  the  First  Observed  by  Horrocks  in  1639  to  the  Transit 
of  2012.  With  20  Lithographic  Plates  (12  Coloured)  and  38  Illustrations 
engraved  on  Wood.    8vo.  Ss.  Gd. 

STUDIES  of  VENUS-TRANSITS  ;  an  Investigation  of 

the  Circumstances  of  the  Transits  of  Venus  in  1874  and  1882.  With  7  Dia- 
grams and  10  Plates.    8vo.  5s. 

ELEMENTARY    PHYSICAL     GEOGRAPHY.      With 

33  Maps,  Woodcuts,  and  Diagrams.    Fcp.  8vo.  Is.  Gd, 

LESSONS  in  ELEMENTARY  ASTRONOMY;  with  an 

Appendix  containing  Hints  for  Young  Telescopists.  With  47  Woodcuts. 
Fcp.  8vo.  Is.  Gd. 

FIRST  STEPS  in  GEOMETRY:  a  Series  of  Hints  for 

the  Solution  of  Geometrical  Problems,  with  Notes  on  Euclid,  useful  Working 
Propositions,  and  many  Examples.    Fcp.  8vo.  3^.  Gd. 

EASY  LESSONS  in  the  DIFFERENTIAL  CALCULUS ; 

indicating  from  the  outset  the  Utility  of  the  Processes  called  Differentiation 
and  Integration.    Fcp.  8vo.  2s,  Gd, 

London:  LONGMANS,  GREEN,  &  CO. 


THE 

'KNOWLEDGE'  LIBEAEY, 

Edited  by  RICHARD  A.  PROCTOR. 


HOW  to  PLAY  WHIST :  with  tbe  Laws  and  Etiquette 

of  WarsT :  Whist  Whittlings,  and  Forty  fully-annotated  Games.    By  '  FiVK 
OF  Clubs'  (R.  A.  Proctor).    Crown  8vo.  5j. 

HOME  WHIST  :  an  Easy  Guide  to  Correct  Play,  acoord- 

ing  to  the  latest  Developments.    By  '  Fivfi  of  Clubs  '  (Richard  A.  Proctor). 
16mo.  Is. 

The  POETRY  of  ASTRONOMY.     A  Series  of  Familiar 

Essays  on  the  Heavenly  Bodies.    By  Richard  A.  PiiocTou.    Crown  8vo.  6j. 

NATURE  STUDIES.      Reprinted  from  KnowUdge.     By 

dRANT    Ar.LKX,    ANDREW    Wir^SON,    THOMAS    FOSTUR,    EDWARD   CLODD,  and 

Richard  A.  Proctor.    Crown  8vo.  6*. 

LEISURE    READINGS.      Reprinted    from    Knowledge. 

By  Edward  Clodd,  Andrew  Wilson,  Thomas  Foster,  A.  C.  Runyaiiu, 
and  RicHAuu  A.  Proctor.    Crown  8vo.  6s. 

The  STARS  in  their  SEASONS.     An  Easy  Guide  to  a 

Knowledge  of  the  Star  Groups,  in  Twelve  Large  Maps.     By  Richard  A. 
Proctor,    Imperial  8vo.  5*. 

The  STAR  PRIMER.    Showing  the  Starry  Sky  Week  by 

Week  in  Twenty-four  Hourly  Maps.    By  Richard  A.  Proctob.   Crown  4to. 
2s.  tid. 

The  SEASONS   PICTURED,  in  Forty-eight  Sun-Views 

of  the  Earth,  and  Tweuty-foar  Zodiacal  Maps  and  other  Drawings.    By 
Richard  A.  Procior.    Demy  4to.  5j. 

STRENGTH  and  HAPPINESS.  By  Richard  A.  Peoctor. 

With  9  Illustrations,    Crown  8vo.  65. 

ROUGH  WAYS  MADE  SMOOTH  :  a  Series  of  Familiar 

Essai  s  on  Scientific  Subjects.    By  Richard  A.  Proci'or.    Crown  8vo.  bs. 

OUR     PLACE     AMONG    INFINITIES:     a  Series    of 

Essays  coutrastini?  our  Little  Abwie  in  Space  and  Time  with  the  Infinities 
Around  us.    By  Richard  A.  Proctor.    Crown  8vo.  bs. 

The   EXPANSE    of   HEAVEN :    a  Series  of  Essays  on 

the  Wonders  of  ihe  Firmament.    By  Richard  A.  Proctor.    Crown  8vo.  5s. 

PLEASANT    WAYS    in    SCIENCE.     By   Richard   A. 

Proctor.    Crown  8vo.  6*. 

MYTHS  and  MARVELS  of  ASTRONOMY.   By  Richard 

A.  Proctor.    Crown  8vo.  6s. 

The  GREAT  PYRAMID:  OBSERVATORY,  TOMB,  and 

TEMPLE.    By  Richard  A.  PiioaroR.    With  Illustrations.    Crown  8vo.  6*. 

London  :  LONGMANS,  GREEN,  &  CO. 


TEXT-BOOKS  OF  SCIENCE, 

MECHANICAL    AND    PHYSICAL. 


PHOTOQIIAPHY.    By  Captain  W.  DeWiveleslie  Abney, 

C.B,  P.  R.S.  late  Instructor  in  Chemistry  and  Photography  at  the  School 
of  Military  Engineering,  Chatham.     With  105  Woodcuts.    Price  3J.  6rf. 

The   STRENGTH   of  MATERIALS    and   STRTJC- 

TURES  :  the  Strength  of  Materials  as  depending  on  theirquality  and  as 
ascertained  by  Testing  Apparatus  ;  the  Strength  of  Structures,  as  depending 
on  their  form  and  arrangement,  and  on  the  materials  of  which  they  are  com- 
posed.    By  Sir  J.  Anderson,  C.E.  &c.     With  66  Woodcuts.     Price  3^.  6*/. 

INTRODUCTION    to    the    STUDY    of  ORGANIC 

CHEMISTRY;  the  CHEMISTRY  of  CARBON  audits  COMPOUNDS. 
By  Henry  E.  Armstrong,  Ph.D.  F.R.S.  With  8  Woodcuts.    Price  3*.  td. 

ELEMENTS  of  ASTRONOMY.   By  Sir  R.  S.  Ball,  LL.  D. 

F.R.S.  Andrews  Professor  of  Astronomy  in  the  Univ.  of  Dublin,  Royal 
Astronomer  of  Ireland.    With  136  Woodcuts.    Price  bs. 

RAILTVAY  APPLIANCES.     A  Description  of  Details  of 

Railway  Construction  subsequent  to  the  completion  of  Earthworks  and 
Structures,  including  a  short  Notice  of  R.iilway  Foiling  Stock.  By  John 
Wolfe  Barry,  M.I.C.E.    With  207  Woodcuts.     Price  3^.  6</. 

SYSTEMATIC  MINERALOGY.     By  Hilary  Bauer- 

man,  F.G.S.  Associate  of  the  Royal  School  of  Mines.  With  373  Woodcuts. 
Price  6j. 

DESCRIPTIVE  MINERALOGY.     By  Hilary  Bauer- 

MAN,  F.G.S.  &c.     With  236  Woodcuts.   Price  65. 

METALS,  their  PROPERTIES  and  TREATMENT. 

By  C.  L.  Bloxam  and  A.  K.  Huntington.  Professors  in  King's  College, 
London.     With  130  Woodcuts.     Price  s-r. 

PRACTICAL  PHYSICS.     By  R.  T.  Glazebrook,  M.A. 

F.R.S.  and  W.  N.  Shaw,  M. A.    With  80  Woodcuts.     Price  6j. 

PHYSICAL    OPTICS.      By  R.    T.    Glazebrook,    M.A. 

F.R.S.  Fellow  and  Lecturer  of  Trin.  Coll.  Demonstrator  of  Physics  at  the 
Cavendish  Laboratory,  Cambridge.     With  183  Woodcuts.     Price  6j. 

The  ART  of  ELECTRO-METALLURGY,  including  all 

known  Processes  of  Electro-Deposition.  By  G.  Gore,  LL.D.  F.R.S. 
With  56  Woodcuts.    Price  ts. 

ALGEBRA    and    TRIGONOMETRY.     By  William 

Nathaniel  Griffin.  B.D.  Price  3^.  6rf.  NOTES  ON,  with  SOLU- 
TIONS of  the  more  difficult  QUESTIONS.     Price  35.  td. 

THE   STEAM  ENGINE.     By  George  C.    V.    Holmes, 

Whitworth  Scholar  ;  Secretary  of  the  Institution  of  Naval  Architects.  With 
212  Woodcuts.     Price  6 J. 

London  :  LONGMANS,  GREEN,  &  CO. 


Text-Books  of  Science. 


EIi"EOTRIOITY  and    MAQNETISM.     By  Fleeming 

JsMKiN.F.  R.  SS.L.  &  E.  late  Professor  of  Engineering  in  the  University  of 
Edinburgh.    With  177  Woodcuts.     Price  3^.  6rf. 

THEORY  of  HEAT.    By  J.  Clerk  Maxwell,  M.A.  LL.D. 

EJin.  F.R.SS.  L,  &  E.     With  41  Woodcuts.    Price  3J.  6d. 

TEOHlSriOAL.  ARITHMETIO  and  MENSURA- 
TION. By  Chari,rs  W.  Mhkri field.  F.R.S.  Price  t,s.  6d.  Key,  by 
the  Rev.  John  Hunter,  M.A.    Price  3^.  6d. 

INTRODUCTION  to  the  STUDY  of  INORGANIC 

CHEMISTRY.  By  William  Allen  Miller,  M.D.  LL.D.  F.R.S.  With 
72  Woodcuts.    Price  3J.  6d. 

TELEaRAPHY.    By  W.  11.  Prekce,  F.R.S.  M.I.C.E.  and 

J.  SivEVVRiGHT,  M.A.  C.M.G.     With  i6o  Woodcuts.     Price  5^. 

The  STUDY  of  ROOKS,  an  ELEMENTARY  Text- 
Book  of  PETROLOGY.  By  Frank  Rutlev,  F.G.S.  of  Her  Majesty's 
Geological  Survey      With  6  Plates  and  88  Woodcuts.    Price  4J.  6d. 

WORKSHOP  APPLIANCES,  including  Descriptions  of 

some  of  the  Gatiging  and  Measuring  Instruments — Hand-Cutting  Tools, 
Lathes,  Drilling,  Planing,  and  other  Machine  Tools  used  by  Engineers. 
By  C.  P.  B.  Shelley,  M.I.C.E.     With  291  Woodcuts.    Price  4J.  6d. 

STRUCTURAL,  and  PHYSIOLOGHCAL  BOTANY. 

By  Dr.  Otto  Wilhelm  Thom^,  Rector  of  the  High  School,  Cologne,  and 
A.  W.  Rrnnett.  M.\.  B.Sc.  F.L.S.  With  600  Woodcuts  and  a 
Coloured  Map.     Price  6s. 

QUANTITATIVE  CHEMICAL  ANALYSIS.   By  T. 

E.  Thorpe,  F.R.S.  Ph.D.  Professor  of  Chemistry  in  the  Andersonian 
University,  Glasgow.    With  88  Woodcuts.    Price  4J.  6d. 

QUALITATIVE  ANALYSIS  and  LABORATORY 

PRACTICE.  By  T.  E.  Thorpe,  Ph.D.  F.R.S.  Professor  of  Chemistry 
in  the  Andersonian  University,  Glasgow,  and  M.  M.  Pattison  Muir, 
M.A.  and  F.R.S.E.   With  Plate  of  Spectra  and  57  Woodcuts.    Price  3*.  6d. 

INTRODUCTION  to  the  STUDY  of   CHEMICAL 

PHILOSOPHY:  the  PRINCI  PLES  of  THEORETICAL  and  SYSTE- 
MATICAL CHEMISTRY.  By  William  .\.  Tildkn.  D.Sc.  London. 
F.R.S.    With  5  Woodcuts.    With  or  without  Answers  to  Problems,  4^.  6d. 

ELEMENTS  of  MACHINE  DESIGN;  an  Introduction 

to  the  Principles  which  determine  the  Arrangement  and  Proportion  of  the 
Parts  of  Machines,  and  a  Collection  of  Rules  for  Machine  Design.  By  W. 
Cawthorne  Unwin,  B.Sc.  M.I.C.E.     With  325  Woodcuts.    Price  6s. 

PLANE  and  SOLID  GEOMETRY.    By  H.  W.  Watson, 

M.A,  formerly  Fellow  of  Trinity  College,  Cambridge.     Price  3J.  6d. 

London  :  LONGMANS,  GREEN,  &  CO. 


ELEMENTARY  SCIENCE  MANUALS. 

Written  specially  to  meet  the  requirements  of  the  Elementary  Stage 

of  Science  Subjects  as  laid  down  in  the  Syllabus  of  the  Directory 

of  the  Science  and  Art  Department,  South  Kensington. 


SOUND,  LIGHT,   and  HEAT.     By  Mark  E.  Wright  (Hon. 

luter.  B.Sc.  London).  With  160  Diagrams  and  Illustrations.  .Crown  8vo.  2s.  titt 

An  INTRODUCTION  to  MACHINE  DEAWING  and  DESIGN 

By  David  Allan  Low  (Wliitworth  Scholar).    With  65  Illustrations  and 
Diagrams Crown  8vo.  2a. 

TEXT-BOOK  on  PEACTICAL,  SOLID,  or  DESCEIPTIVE 

GEOMETRY.    By  David  Allan  Low  (Whitworth  bcholar).    Pare  I.  crown 
bvo.  2s.    Part  II.  crown  8vo.  3s. 

ELEMENTAEY  PHYSIOGRAPHY.     By  J.  Thornton,  M.A. 

With  10  Maps  and  150  Illustrations Urowu  8yo.  2s.  6d. 

A  MANUAL  of  MECHANICS:    an  Elementary  Text-Book 

designed  for  Students  of  Applied  Mechanics.    By  T.  M.  Guodkvb,  M.A. 

Fcp.  8vo.  25.  6d. 

INOEGANIC    CHEMISTEY,  Theoretical    and   Practical; 

wiLn  an  introduction  to  th«  Principles  of  Chemical  Analysis.    By  vV.  Jauo, 
F.C.S.  i'.l.C.      With  49  Woodcuts  and  numerous  Questions  and  Exercises. 

Fcp.  8vo.  2s.  M. 

An      INTEODUCTION       to      PEACTICAL      INOEGANIC 

C  d  EMISTR Y.    By  WiLLLiM  Jago,  P.C.S.  P.l.U Pep.  8vo.  U.  M. 

PRACTICAL    CHEMISTRY:    the   Principles   of  Qualitative 

Analybis.    By  William  A.  Txldkn,  D.Sc Pop.  8vo.  1*.  6'i. 

ELEMENTARY    INORGANIC    CHEMISTRY.     Alternative 

Course.    By  W.  Fdunkaux,  P.tt.G.S.  Lecturer  on  Chemistry,  London  School 
Board 2s.  ^d. 

ELEMENTARY  BOTANY,  Theoretical  and  Practical.    By 

Hknhy  Ed-monus,  B.Sc.  London.     With  319  Woodcuts Pep.  avo.  2s.  6(/. 

An  ELEMENTARY  COURSE  of  MATHEMATICS.   SpeciaUy 

adapted  to  the  requirements  of  the  Science  and  Art  Depcirtment. 

Crown  8vo.  2s.  M. 

BUILDING  CONSTRUCTION  and  DRAWING.     By  Edward 

.1.  BUKHKLL,  Teacher  of  Building  Construction  at  the  Technical  School  of 
tne  People  s  Palace,  Mile  End.    Pully  Illustrated,  with  Working  Drawings. 

Crown  8vo.  2s.  6d 

THEORETICAL    MECHANICS,   including  Hydrostatics  and 

Pneumatics.    By  J.  E.  Taylou,  M.A.  Hon.  Inter.  B.oc.  Cencral  Higher  Schools, 
Sheffield.    With  303  Diagrams  and  Illustrations Crown  avo.  2s.  6(i 

ANIMAL    PHYSIOLOGY.     By  W.   S.   Furneaux,  F.R.G.S. 

With  2l8  Illustrations    Crown  8vo.  2s.  dd. 

STEAM.    By  Professor  W.   Ripper,    the    Technical   School, 

ahelfield.  iJn  preparation. 


London:  LONGMANS,  GREEN,  &  CO. 


STANDARD   SCIENTIFIC  WORKS, 


WORKS  BY  JOHN  TYNDALL,  F.R.S. 
FRAGMENTS  of  SCIENCE.     2  vols,  crown  8vo.  IGs. 
HEAT  a  MODE  of  MOTION.     Crown  8vo.  12s. 
SOUND.     With  204  Woodcuts.     Crown  8vo.  10s.  Qd. 
ESSAYS  on  the  FLOATING  MATTER  of  the  AIR  in 

RELATION    to  PUTKEFACTION   and  INFECTION.    Wita  24  Woodcuts. 
Crown  8vo.  7.<.  <j(/. 

RESEARCHES    on    DIAMAGNETISM   and  MAGNE- 

CHVSTALLIG  ACTION,  including  the  Question  vt  Diam.ignetic  Polarity. 
Crown  8vo.  12s, 

LECTURES  on  LIGHT,  dehvered  in  America  in  1872 

and  I»73.    With  Portrait,  Plate,  and  Diagrams.    Crown  bvo.  5*. 

LESSONS  in  ELECTRICITY  at  the  Royal  Institution, 

1875-6.    With  58  Woodcuts.    Crown  8vo.  2s.  6d. 

NOTES  of  a  COURSE  of  SEVEN  LECTURES  on 

ELECTRICAL   PHENOMENA    and    THEORIES,  delivered  at    the    Royal 
Institution.    Crown  8vo.  1*.  fcswed  ;  Is.  (id.  cloth. 

NOTES  of  a  COURSE  of  NINE  LECTURES  on  LIGHT, 

delivered  at  the  Royal  Institution.    Crown  8vo.  1*.  sewed ;  U.  «d.  cloth. 

FARADAY  as  a  DISCOVERER.     Fcp.  8vo.  3s.  Gd. 


The    ELEMENTS   of    CHEMISTRY,   Tlieoretical    and 

Practical.    By  W.  Allen  Milleii,  M.D.  LL.D.    Re-edited,  with  Additions,  by 
H.  Macu-:od,  F.C.S.    3  vols.  8vo. 
Part  I.  Chemical  Physics,  16.?.         |       Part  IT.  iNonoAXic  Chemistry,  24j. 
Part  III.  Okganic  Chkmistuy,  31i.  6d. 

A  SHORT  TEXT-BOOK  of  INORGANIC  CHEMISTRY. 

By  Dr.  Hkkmann  Koi.uk,  Professor  of  Chemistry  in  the  University  of  Leipzig. 
Translated  and  Edited  by  T.  S.  Hompiikje,  Ph.D.  B.Sc.  (Lond.).  With  a 
Coloured  Table  ot  Spectra  and  66  Wood  Engravings.    Crown  8vo.  7s.  6d. 

MODERN  THEORIES  of  CHEMISTRY.    By  Professor 

LoTHAiH  Meyur.  Translated  from  the  Filth  Edition  of  the  German  by  P. 
Phillips  Bkdsox,  D.Sc.  (Lond.)  B.Sc.  (Vict.)  F.C.S.  Professor  of  Chemistry, 
Durham  College  of  Science  ;  and  W.  Caklkton  Wii.uams,  B.Sc.  (Vict.) 
F.C.S.  Professoi  of  Chemistry,  Firth  College,  Sheffield.    8vo.  IHs. 

The  FUNDAMENTAL  PRINCIPLES  of  CHEMISTRY 

PRACTICALLY  TAUGHT,  by  a  New  Method.  By  Rohkut  Galloway, 
M.R.I. A.  F.C.S.  With  71  Woodcuts  and  numerous  Exercised  and  Auswerd. 
Drown  8vo.  Gi.  6d. 

London :  LONGMANS,  GREEN,  &  CO. 


U.  ^Ui^.Vw 


i 


rH 
C\3 


I 
I 


I 

q 

4J» 

d 
4:1 
u 


d 


^   1 


Q 

u 

o 

^     5 


UNIVERSITY  OF  TORONTO 
LIBRARY 


Do    not 


Acme   Library   Card   Pocket 

Under  Pat.  "  Ref.  Index  File." 
Made  by  LIBRAEY  BUREAU 


